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e
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We study the two-dimensional attrative Hubbard model using the mapping onto the half-lled
repulsive Hubbard model in a uniform magneti eld oupled to the fermion spins. The low-energy
eetive ation for harge and pairing utuations is obtained in the hydrodynami regime. We
reover the ation of a Bose superuid where half the fermion density is identied as the onjugate
variable of the phase of the superonduting order parameter. By integrating out harge utuations,
we obtain a phase-only ation. In the zero-temperature superonduting state, this ation desribes
a olletive phase mode smoothly evolving from the Anderson-Bogoliubov mode at weak oupling to
the Bogoliubov mode of a Bose superuid at strong oupling. At nite temperature, the phase-only
ation an be used to extrat an eetive XY model and thus obtain the Berezinskii-Kosterlitz-
Thouless (BKT) phase transition temperature. We also identify a renormalized lassial regime of
superonduting utuations above the BKT phase transition, and a regime of inoherent pairs at
higher temperature. Speial are is devoted to the nearly half-lled ase where the symmetry of the
order parameter is enlarged to SO(3) due to strong q = (pi, pi) harge utuations. The low-energy
eetive ation is then an SO(3) non-linear sigma model with a (symmetry breaking) magneti eld
proportional to the doping. In the strong-oupling limit, the attrative Hubbard model an be
mapped onto the Heisenberg model in a magneti eld, whih redues to the quantum XY model
(exept for a weak magneti eld, i.e. in the low-density limit of the attrative model). In the
low-density limit, the Heisenberg model allows to reover the ation of a Bose superuid, inluding
the (∇ρ)2 term (with ρ the density), and in turn the Gross-Pitaevskii equation.
PACS numbers: 71.10.Fd, 74.20.Fg, 05.30.Jp
I. INTRODUCTION
Many superonduting systems suh as high-Tc super-
ondutors, organi ondutors, heavy fermions systems,
as well as ultraold atomi Fermi gases annot be under-
stood within the BCS theory. For instane, in high-Tc
superondutors, the low dimensionality reinfores the
role of phase utuations.
1,2
The short oherene length
in these systems also suggests that they might be in
an intermediate regime between the weak-oupling BCS
limit of superuid fermions and the strong-oupling limit
of ondensed omposite bosons.
3,4
In ultraold atomi
Fermi gases that are now experimentally available, it ap-
pears possible to monitor the evolution from the BCS to
the Bose limit.
5
A superonduting system at low temperature is onve-
niently desribed by a low-energy eetive ation written
in terms of a few relevant (bosoni) variables. The mini-
mum desription requires to onsider the phase of the su-
peronduting order parameter, but other variables suh
as the amplitude of the order parameter or the harge
density may also be inluded. The eetive ation (or
the orresponding equations of motion) is suient to
desribe marosopi quantum phenomena suh as the
Meissner eet, the ux quantization, the Josephson ef-
fet, or the vortex dynamis.
6,7
In a Bose superuid, the
low-energy eetive ation leads to the Gross-Pitaevskii
equation,
8,9
i.e. a non-linear Shrödinger equation for the
omplex (superuid) order parameter Ψ where |Ψ|2 = ρ
is the ondensate density. In a Fermi system, there
is in general no simple relation between the amplitude
of the superonduting order parameter and the den-
sity. In the strong-oupling limit, where fermions form
tightly bound pairs whih behave as bosons, we expet
the Gross-Pitaevskii equation to hold. Moreover, sine
Fermi and Bose superuids should behave similarly in
many respets, a Fermi superuid should be desribed by
a non-linear Shrödinger equation similar to the Gross-
Pitaevskii equation even in the weak-oupling limit.
6
This is the onlusion reahed by previous works,
10,11,12
although the wavefuntion in this ase is not the su-
peruid order parameter (exept in the strong-oupling
limit).
The low-energy eetive ation provides a onvenient
framework to disuss the BCS-Bose rossover between
the weak-oupling BCS limit and the Bose limit of pre-
formed pairs.
12,13,14,15,16,17,18
In two dimensions (2D),
there is an additional motivation to introdue an ee-
tive ation written in terms of the phase of the order
parameter. The Berezinskii-Kosterlitz-Thouless (BKT)
phase transition
19,20
whih takes plae in a 2D Fermi
superuid is learly out of reah of fermioni approxima-
tions based on diagram resummations like the T -matrix
approximation.
3
While the 2D attrative Hubbard model is not an ap-
propriate mirosopi model for most superonduting
systems of interest, it an be used to understand a num-
ber of general issues relevant to many ases. The main
harateristis of this model are well-known.
21,22
Away
from half-lling, there is a BKT phase transition to a
2low-temperature superonduting phase. Long-range or-
der sets in at zero temperature and breaks SO(2) symme-
try. At half-lling, q = 0 pairing and q = (π, π) harge
utuations ombine to form an order parameter with
SO(3) symmetry. The superonduting transition then
ours at zero temperature and breaks SO(3) symmetry.
In the weak-oupling limit, superondutivity is due to
strongly overlapping Cooper pairs, and Bogoliubov quasi-
partile exitations dominate the low-energy physis. In
the strong-oupling limit, fermions form tightly bound
pairs that Bose ondense at low temperature thus giv-
ing rise to superuidity. Pair-breaking exitations are
not possible at low energy and the thermodynamis is
ontrolled by (olletive) phase utuations.
In this paper, we derive the low-energy eetive ation
for harge and pairing utuations in the 2D attrative
Hubbard model on a square lattie. We disuss the BCS-
Bose rossover and the phase diagram. We use the map-
ping of the attrative model onto the repulsive half-lled
model in a magneti eld whih ouples to the fermion
spins. In this mapping, the harge and pairing elds
transform into the three omponents of the spin-density
eld. At half-lling, the magneti eld vanishes in the
repulsive model. This ase has been studied in detail
in Refs. 23,24. At zero temperature, the system evolves
from a Slater to a Mott-Heisenberg antiferromagnet as
the interation strength (i.e. the on-site Coulomb repul-
sion) inreases. Beause of the SO(3) symmetry of the
order parameter, the Néel temperature vanishes in agree-
ment with the Mermin-Wagner
25
theorem. At nite tem-
perature, the system is in a renormalized lassial (RC)
regime with an exponentially large antiferromagneti or-
relation length. Away from half-lling, the magneti eld
redues the symmetry to SO(2) so that a BKT phase
transition ours at nite temperature. In the attrative
model, this orresponds to the suppression of q = (π, π)
harge utuations at low energy. The main advantage
of studying the repulsive model is that the SO(3) sym-
metry of the order parameter at or near half-lling an
be easily handled.
In Se. II, we map the attrative model onto the re-
pulsive one by a anonial partile-hole transformation
26
and then obtain the eetive ation for the spin u-
tuations in the presene of a nite magneti eld (i.e.
away from half-lling in the attrative model). Col-
letive bosoni elds are introdued by means of a
Hubbard-Stratonovih deoupling of the Hubbard inter-
ation. This ruial step in our approah diers from
the usual deoupling in two respets. First, we write the
interation in an expliit SO(3) spin-rotation form by in-
troduing a unit vetorΩr at eah site and time.
23,24,27,28
This allows to reover the Hartree-Fok (HF) theory at
the saddle-point level, while maintaining SO(3) spin-
rotation symmetry (in the absene of the magneti eld).
Seond, we introdue two auxiliary real elds. One is
simply the Hubbard-Stratonovih eld mHSr for the am-
plitude of the spin density at site r. The other one, mr,
is diretly onneted to the atual amplitude of the spin
density.
29
While these two elds are proportional at the
saddle-point (i.e. Hartree-Fok) level, they dier when
utuations are taken into aount. In the weak- and
strong-oupling limits,
mr
2 Ωr an be identied with the
spin density, whih allows a diret interpretation of the
low-energy ation S[m,Ω] in terms of physial quantities.
Beause of the magneti eld, the spin omponent along
the eld, Sz, takes a nite value and its utuations are
small at low energy. Sine spin amplitude utuations are
also small, the important utuations orrespond to rota-
tions around the magneti eld axis. We derive the ee-
tive ation S[m,Ω] in this ase. S[m,Ω] takes a simple
form in the weak-oupling (Slater) and strong-oupling
(Mott-Heisenberg) limits. These two limits dier in the
role of the Berry phase term.
In Se. II C, we dedue the eetive ation S[ρ,∆] of
the harge (ρ) and pairing (∆ = |∆|eiΘ) utuations in
the attrative model. By integrating out amplitude u-
tuations (|∆|), we reover the ation S[ρ,Θ] of a Bose
superuid where half the fermion density is identied as
the onjugate variable of the phase Θ of the superon-
duting order parameter. This ation is parametrized
by the mass mb of the bosons and the amplitude g of
the repulsive interation between bosons. mb and g
are omputed as a funtion of partile density and in-
teration strength. We then analyze in more detail the
weak (BCS) and strong (Bose) oupling limits. In the
BCS limit, we nd that the ation is a funtion of harge
and phase utuations only, sine amplitude utuations
of the superonduting order parameter deouple. In the
strong-oupling limit, the amplitude of the superondut-
ing order parameter and the fermion density ρ satisfy the
relation |∆r| = 12
√
ρr(2− ρr). The Bose superuid a-
tion S[ρ,Θ] ≡ S[|∆|,Θ] then entirely desribes the dy-
namis of the superonduting order parameter ∆. In
Se. II D, we derive the phase-only ation S[Θ] by inte-
grating out harge utuations. S[Θ] orresponds to an
O(2) sigma model with an additional term proportional
to the rst-order time derivative ofΘ. The phase stiness
and the veloity of the O(2) sigma model are obtained
as a funtion of partile density and interation strength.
At zero temperature, superonduting long-range order
gives rise to a gapless (Goldstone) phase mode smoothly
evolving from the Anderson-Bogoliubov mode
30
at weak
oupling to the Bogoliubov mode
31
of a Bose superuid
at strong oupling. In Se. II E, we show how we an ex-
trat from the phase-only ation an eetive (lassial)
XY model whose phase stiness is a funtion of density,
interation strength and temperature. This allows us to
determine the value of the BKT phase transition temper-
ature as a funtion of density and interation strength.
The XY model also yields an estimate of the rossover
temperature TX below whih the system enters a RC
regime of phase utuations. At higher temperature, for
TX ≤ T ≤ Tpair, there is a regime of inoherent pairs
[Cooper (loal) pairs at weak (strong) oupling℄ with no
superonduting short-range order. Tpair is estimated
from the HF transition temperature.
3In the viinity of half-lling, the analysis of Se. II is
not suient sine q = (π, π) harge utuations (in the
attrative model) are not onsidered. For a weak mag-
neti eld (in the repulsive model), there are strong u-
tuations of Sz, and the analysis of Se. II breaks down.
This ase is dealt with in Se. III. We show that the
dynamis of spin utuations in the repulsive model is
governed by an SO(3) non-linear-sigma model with a
(symmetry-breaking) magneti eld proportional to the
doping. The magneti eld denes a harateristi tem-
perature TSO(3→2) above whih the SO(3) spin-rotation
symmetry is restored. Below TSO(3→2), the system en-
ters a RC regime of spin utuations with SO(2) sym-
metry. The global phase diagram, as a funtion of den-
sity, interation strength and temperature, is disussed
in Se. II F. [For larity, we disuss the phase diagram at
the end of Se. II and postpone the tehnial analysis of
the SO(3)→SO(2) rossover near half-lling to Se. III.℄
In Se. IV, we onsider the strong-oupling limit in
more detail. First we show that the repulsive Hubbard
model redues to the Heisenberg model to leading order
in 1/U . This allows to obtain the olletive modes be-
yond the long-wavelength approximation. We then show
that exept for a strong magneti eld (i.e. in the low
density limit of the attrative model), the Heisenberg
model in a magneti eld redues to the quantum XY
model. In the low-density limit, we reover from the
Heisenberg model the usual ation of a Bose superuid
(for bosons of mass 1/J = U/4t2 and density ρ/2), in-
luding the terms proportional to (∇ρr)
2
that were omit-
ted in Se. II. The lassial equation of motion derived
from this ation is nothing but the Gross-Pitaevskii equa-
tion. We therefore obtain a orrespondene between the
Gross-Pitaevskii equation in the attrative model and the
semilassial spin dynamis in the repulsive model.
To our knowledge, there is no systemati study of the
2D repulsive Hubbard model in a magneti eld. When
translated in the language of the attrative model, our
results reprodue, in a unique framework, a number of
previously known results. We also obtain new results,
in partiular regarding the BCS-Bose rossover and the
phase diagram.
II. AWAY FROM HALF-FILLING
The attrative Hubbard model on a square lattie is
dened by the Hamiltonian
H = −
∑
r
c†r(tˆ+ µ)cr − U
∑
r
nr↑nr↓ (1)
where tˆ is the nearest-neighbor hopping operator:
tˆcr = t(cr+xˆ + cr−xˆ + cr+yˆ + cr−yˆ). (2)
xˆ and yˆ denote unit vetors along the x and y axis. With
the notation of Eq. (1), −U is the on-site interation with
U ≥ 0 in the attrative ase. The operator c†rσ (crσ) re-
ates (annihilates) a fermion of spin σ at the lattie site
r, cr = (cr↑, cr↓)
T
, and nrσ = c
†
rσcrσ. At half-lling,
partile-hole symmetry implies that the hemial poten-
tial µ equals −U/2. In the following, we will onsider
only hole doping so that µ ≤ −U/2. We take the lattie
spaing equal to unity and ~ = kB = 1.
Under the anonial partile-hole transformation
26
cr↓ → (−1)rc†r↓, c†r↓ → (−1)rcr↓, (3)
the Hamiltonian beomes (omitting a onstant term)
H = −
∑
r
c†r
[
tˆ+
(
µ+
U
2
)
σz +
U
2
]
cr + U
∑
r
nr↑nr↓,
(4)
where (σx, σy, σz) denotes the Pauli matries. The trans-
formed Hamiltonian (4) orresponds to the repulsive half-
lled Hubbard model in a magneti eld
h0 ≡ µ+ U
2
(5)
along the z axis oupled to the fermion spins. In the at-
trative model, the hemial potential µ is xed by the
ondition 〈c†rcr〉 = ρ0 = 1 − x where ρ0 is the mean
density and x the doping. Under the partile-hole trans-
formation (3), c†rcr → c†rσzcr+1. In the repulsive model,
the magneti eld h0 is then determined by
〈c†rσzcr〉 = −x. (6)
The harge-density and pairing operators transform as
ρr = c
†
rcr → (2Szr + 1),
∆r = cr↓cr↑ → (−1)rS−r ,
∆†r = c
†
r↑c
†
r↓ → (−1)rS+r , (7)
where Sνr = c
†
r
σν
2 cr (ν = x, y, z) and S
±
r = S
x
r ± iSyr .
In the repulsive model, spin utuations are learly the
olletive (bosoni) utuations of interest. Aordingly,
in the attrative model, both pairing and harge utu-
ations should be onsidered on equal footing. One of the
motivations to study the repulsive model is that one has
to onsider only the partile-hole hannel. On the on-
trary, a diret study of the attrative model would require
to onsider both the partile-hole and partile-partile
hannels in order to take into aount the harge and
pairing utuations. The simultaneous introdution of
auxiliary Hubbard-Stratonovih elds in these two han-
nels is not without problem if one requires the saddle-
point approximation to reover the HF (or mean-eld)
theory.
12
Furthermore, in the attrative model at half-
lling, q = 0 pairing and q = (π, π) harge utuations
ombine to form an order parameter with SO(3) sym-
metry. The SO(3) symmetry of the order parameter is
muh more easily handled in the repulsive model, where
the distane from half-lling determines the (symmetry-
breaking) magneti eld h0 (see Se. III).
4We an write the partition funtion of the repulsive
model as a path integral over Grassmann elds c∗rσ, crσ,
with the ation
S =
∫ β
0
dτ
{∑
r
c†r∂τcr +H [c
†, c]
}
, (8)
where τ is an imaginary time and β = 1/T the in-
verse temperature. H [c†, c] is obtained from the Hamilto-
nian (4) by replaing the operators by the orresponding
Grassmann elds. We now introdue auxiliary bosoni
elds for the olletive spin utuations in a way that
fullls the three following requirements: i) the HF (or
mean-eld) approximation is reovered from a saddle-
point approximation; ii) the SO(2) (or SO(3) if h0 = 0)
spin-rotation symmetry is maintained; iii) the auxiliary
elds orrespond to the spin-density eld Sr = c
†
r
σ
2 cr not
only at the saddle-point level, but also when utuations
are taken into aount [σ = (σx, σy, σz)℄.
We start from the identity
23,24,27
nr↑nr↓ =
1
4
[(
c†rcr
)2 − (c†rσ ·Ωrcr)2] , (9)
where Ωr is an arbitrary site- and time-dependent unit
vetor. Ωr is dened by its polar and azimuthal angles
θr, ϕr. Spin-rotation invariane is made expliit by per-
forming an angular integration over Ωr at eah site and
time (with a measure normalized to unity). The harge
term (c†rcr)
2
is deoupled by means of an auxiliary (real)
eld∆cr. In order to deouple the spin term (c
†
rσ·Ωrcr)2,
we introdue in the path integral the unit fator
1 =
∫
D[m]
∏
r,τ
δ(mr − c†rσ ·Ωrcr)
=
∫
D[m,mHS]e−
∫
β
0
dτ
∑
r
imHS
r
(mr−c
†
r
σ·Ωrcr),(10)
where mHSr is a Lagrange multiplier eld whih im-
poses the onstraint mr = 2Sr · Ωr. Both m and
mHS are real elds. Note that integrating out the mr
eld [see Eqs. (11-12) below℄, one obtains the ation
S[c†, c,∆c,m
HS] where ∆cr and m
HS
are the Hubbard-
Stratonovih elds whih deouple the interation term
(9). In general,
mr
2 Ωr annot be diretly identied with
the spin density Sr, but the identiation turns out to
be orret in the hydrodynami regime both at weak
(U ≪ 4t) and strong (U ≫ 4t) oupling.
Using (9) and (10), we write the ation as S = S0+Sint
with
S0 =
∫ β
0
dτ
∑
r
c†r
(
∂τ − tˆ− h0σz − U
2
)
cr, (11)
Sint =
∫ β
0
dτ
∑
r
[
∆2cr
U
− U
4
m2r + imrm
HS
r
−c†r(i∆cr + imHSr σ ·Ωr)cr
]
. (12)
S
r

r
 1
2
j
r
j
 
r
+Q  r
z
y
x
FIG. 1: Correspondene between the spin density Sr in the
repulsive model, and the harge density ρr and superondut-
ing eld ∆r = |∆r|eiΘr in the attrative model [see Eqs. (7)℄.
In the following, we shall onsider the harge eld ∆cr
only at the saddle-point level, i.e. ∆cr = i(U/2)〈c†rcr〉 =
iU/2. The term −ic†r∆crcr in (12) anels the hemial
potential term −(U/2)c†rcr in (11).
Eqs. (11-12) are the starting point of our analysis. In
Se. II A, we show that the HF theory is reovered from a
saddle-point approximation over the auxiliary elds mr,
mHSr and Ωr. In the following setions, we go beyond
the HF theory and derive a low-energy eetive ation
S[m,Ω] for spin utuations, and dedue the eetive
ation S[ρ,∆] of harge and pairing utuations in the
attrative model.
A. Hartree-Fok theory
In the presene of the uniform magneti eld along the
z axis, we expet the ground state to exhibit AF order
in the (x, y) plane and a ferromagneti order along the
z axis. We therefore onsider a stati saddle-point ap-
proximation with mr = m0, m
HS
r = m
HS
0 , and a lassial
onguration of the unit vetor eld Ωr given by
Ωclr = (−1)r sin θ0xˆ+ cos θ0zˆ. (13)
The HF ation then reads
SHF = βN
(
−U
4
m20 + im0m
HS
0
)
+
∫ β
0
dτ
∑
r
c†r[∂τ − tˆ− hσz −∆HS0 (−1)rσx]cr,
(14)
where N is the total number of lattie sites, and
∆HS0 = im
HS
0 sin θ0,
h = h0 + im
HS
0 cos θ0. (15)
5The HF ation is quadrati and an be easily diagonal-
ized. The single-partile Green's funtions are given by
Gσ(k, iω) = −〈cσ(k, iω)c∗σ(k, iω)〉
=
−iω − ǫkσ
ω2 + E2kσ
,
Fσ(k, iω) = −〈cσ(k, iω)c∗σ¯(k+Q, iω)〉
=
∆HS0
ω2 + E2kσ
, (16)
where
ǫkσ = ǫk − σh,
Ekσ =
√
ǫ2kσ +∆
HS
0
2
. (17)
ǫk = −2t(cos kx+cosky) is the energy of the free fermions
on the square lattie. σ¯ = −σ, Q = (π, π), and
ω = πT (2n + 1) (n integer) is a fermioni Matsubara
frequeny. cσ(k, iω) is the Fourier transformed eld of
crσ.
The saddle-point equations are obtained from
∂ZHF/∂m0 = ∂ZHF/∂∆
HS
0 = ∂ZHF/∂h = 0, where ZHF
is the partition funtion in the HF approximation:
m0 =
2
U
imHS0 , (18)
∆0 ≡ ∆
HS
0
U
=
m0
2
sin θ0
=
(−1)r
2
〈c†rσxcr〉, (19)
m0 cos θ0 =
2
U
(h− h0)
= 〈c†rσzcr〉. (20)
Eq. (6) then implies
m0 cos θ0 =
2
U
(h− h0)
= −x. (21)
∆0 = (−1)r〈Sxr 〉 is the AF order parameter in the re-
pulsive model, and the superonduting order parame-
ter in the attrative model. h is an eetive magneti
eld whih takes into aount the mean ferromagneti
magnetization 〈c†rσzcr〉 along the z axis. In the attra-
tive model, h = h0 − xU/2 = µ + ρ0U/2 orresponds to
the hemial potential renormalized by the Hartree self-
energy.
Using Eqs. (16), we rewrite the saddle-point equations
(19-21) as
2
U
=
∫
k
tanh(βEk↑/2)
Ek↑
, (22)
x =
∫
k
ǫk↑
tanh(βEk↑/2)
Ek↑
, (23)
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FIG. 2: Chemial potential µ = h0 − U/2, order parameter
∆HS0 and θ0 in the T = 0 HF state vs doping x = 1−ρ0 for U =
2t, 4t and 12t (solid, dashed, and dotted lines, respetively).
The energies are measured in units of t.
where
∫
k
=
∫ π
−π
dkx
2π
∫ π
−π
dky
2π . At T = 0, Eqs. (22-23) de-
termine the superonduting order parameter ∆HS0 (or,
equivalently, ∆0) and the renormalized hemial poten-
tial h. Using (15,21), we then obtain h0, im
HS
0 and
θ0 as a funtion of U and x [Figs. 2-3℄. Eqs. (22-23)
also determine the HF transition temperature THFc where
AF long-range order (i.e. superonduting order in the
attrative model) sets in. At the transition, we have
∆0 = ∆
HS
0 = 0
+
, θ0 = π and im
HS
0 = xU/2.
Partial analytial results an be obtained in the limits
of weak and strong ouplings.
1. Weak oupling (U ≪ 4t)
At half-lling (x = 0), h = h0 = 0 and θ0 = π/2.
The zero-temperature order parameter and the transition
temperature are given by
∆HS0 ≃ 32te−2π
√
t/U ,
THFc ∼ te−2π
√
t/U . (24)
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FIG. 3: Chemial potential µ = h0 − U/2, order parameter
∆HS0 and θ0 in the T = 0 HF state vs U for x = 0.1, 0.5 and
0.9 (solid, dashed, and dotted lines, respetively). Here and
in the following gures, we use the analytial results in the
weak-oupling regime (U . t) where the numeris beomes
diult beause of the exponentially small value of ∆HS0 .
Note that at half-lling, the SO(3) symmetry is restored
and the AF order parameter an have a omponent along
the z axis. The latter orresponds to a q = Q harge-
density-wave order in the attrative model. The hoie
θ0 = π/2 orresponds to a state with only superondut-
ing order.
Away from half-lling (h0 < 0), θ0 ≃ π and imHS0 ≃
xU/2 sine the superonduting order parameter is ex-
ponentially small. At T = 0, the superonduting order
parameter is determined by
2
U
=
∫ 4t
−4t
dǫ
E
N0(ǫ)
≃ N0(h)
∫ 4t
−4t
dǫ
E
, (25)
where E = [(ǫ−h)2+∆HS0 2]1/2. N0(ǫ) = (2π2t)−1K[(1−
ǫ2/16t2)1/2], with ǫ ∈ [−4t, 4t], is the density of states of
free fermions on a square lattie [K is the omplete ellip-
ti integral of the rst kind℄. Sine the integral in (25)
is peaked around ǫ = h for ∆HS0 → 0, we have replaed
the density of states N0(ǫ) by its value at the renormal-
ized hemial potential h. In the weak-oupling limit,
we an also neglet the eet of the order parameter on
the hemial potential (i.e. set ∆HS0 = 0 in (23)). We
then have h ≃ ǫF where ǫF is the Fermi energy of the
non-interating system. With these approximations, we
obtain (for U → 0 and x xed)
∆HS0 ≃ 2[(4t)2 − ǫ2F ]1/2e−
1
UN0(ǫF ) ,
x ≃
{
1
π2t |ǫF | ln 16et|ǫF | if x≪ 1,
1− 4t−|ǫF |2πt if 1− x≪ 1,
µ ≃ ǫF − ρ0U
2
. (26)
Sine h ≃ ǫF belongs to the non-interating band
[−4t, 4t], the exitation gap (i.e. the minimum energy
required to break a pair) equals 2∆HS0 .
Similar arguments show that the transition tempera-
ture is given by
THFc ≃
2γ
π
[(4t)2 − ǫ2F ]1/2e−
1
UN0(ǫF ) , (27)
where γ ≃ 1.78 is the exponential of the Euler onstant.
We reover the results of the BCS theory with [(4t)2 −
ǫ2F ]
1/2
playing the role of the uto energy [Eqs. (26,27)℄.
2. Strong oupling (U ≫ 4t)
To leading order in 1/U (and x xed), at T = 0 we
nd imHS0 = U/2 (or m0 = 1) and cos θ0 = −x = h0/2J .
This gives
∆HS0 =
U
2
(1− x2)1/2,
µ = −U
2
− 2Jx. (28)
In the strong-oupling limit, the exitation gap equals
2(h2+∆HS0
2
)1/2 = U to leading order in 1/U . For x≪ 1,
THFc ≃ U/4.
B. Eetive ation S[m,Ω]
In 2D, the HF theory breaks down at nite tempera-
ture sine it predits AF long-range order below THFc .
Nevertheless, the HF transition temperature bears a
physial meaning as a rossover temperature below whih
the amplitude ∆0 of the AF order parameter takes a -
nite value. This an be interpreted as the appearane of
loal moments perpendiular to the magneti eld and
with an amplitude ∆0 = ∆
HS
0 /U . Note that at weak-
oupling these loal moments an be dened only at
length sales of order ξ0 ∼ t/∆HS0 ≫ 1, whih orre-
sponds to the size of bound partile-hole pairs in the HF
7state. Thus, strito sensu, loal moments form only in
the strong-oupling limit when ξ0 ∼ 1.
Below THFc , the utuations of the elds m, m
HS
and
θ around their HF values are therefore expeted to be
small. Below a rossover temperature TX ≤ THFc , AF
short-range order sets in. The AF orrelation length be-
omes muh larger than the lattie spaing, and the ef-
fetive ation for AF utuations (whih orrespond to
rotations of Ωr about the z axis) an be derived within
a gradient expansion. In this setion, we derive the low-
energy eetive ation S[m,Ω] for temperatures below
the rossover temperature TX . For T ≪ TX ≤ THFc ,
the oeients of the eetive ation (whih are related
to HF quantities) an be evaluated in the zero tempera-
ture limit. This means that we neglet the exponentially
small number of thermally exited quasi-partiles whih
give rise to non-analyti ontributions (Landau damp-
ing terms) to the eetive ation.
32,33
As shown below,
TX ∼ J(1 − x2)/2 ≪ THFc in the strong-oupling limit
(J = 4t2/U), but TX ∼ THFc in the weak-oupling limit.
Flutuations an be parametrized by
δmr = mr −m0,
δmHSr = m
HS
r −mHS0 ,
pr =
θr − θ0
2
,
qr = ϕr −Q · r. (29)
In the HF state, δmr = δm
HS
r = pr = qr = 0. The
eetive ation S[p, q,mHS,m] is obtained by integrat-
ing out the fermions, and assuming pr, δmr, δm
HS
r and
∂µpr, ∂µδmr, ∂µδm
HS
r , ∂µqr to be small (µ = 0, x, y and
∂0 ≡ ∂τ ). We do not assume qr to be small so that our
approah is valid even in the absene of AF long-range
order. It is onvenient to introdue a new fermioni vari-
able φr = (φr↑, φr↓)
T
dened by cr = Rrφr where Rr is a
time- and site-dependent SU(2)/U(1) matrix satisfying
Rrσ ·Ωclr R†r = σ ·Ωr. (30)
The above denition means that Rr, the SO(3) element
assoiated to Rr, mapsΩ
cl
r ontoΩr. The U(1) gauge free-
dom is due to rotations around Ωclr , whih do not hange
the physial state of the system. The pseudofermion φr
has its spin quantized along Rrzˆ. The ation (11-12) an
then be expressed as
S = SHF + S1 + S2
+
∫ β
0
dτ
∑
r
(
−U
4
δm2r + iδm
HS
r δmr
− 2
U
mHS0 δm
HS
r
)
, (31)
where SHF is the HF ation (14) and
S1 =
∫ β
0
dτ
∑
r
φ†rA0rφr,
S2 = −t
∫ β
0
dτ
∑
〈r,r′〉
(φ†rAr,r′φr′ + c.c.). (32)
〈r, r′〉 denotes nearest neighbors and we have introdued
A0r = R
†
rR˙r − h0(R†rσzRr − σz)− iδmHSr σ ·Ωclr
=
∑
ν=x,y,z
Aν0rσ
ν ,
Ar,r′ = R
†
rRr′ − 1
=
∑
ν=0,x,y,z
Aνr,r′σ
ν . (33)
We use the notation R˙r = ∂τRr. σ
0
is the 2 × 2 unit
matrix.
The eetive ation S[p, q,m] is obtained by inte-
grating out the fermion eld φr and the Hubbard
Stratonovih eld mHSr . The nal result reads
S[p, q,m] =
1
2
∑
q˜
[
p−q˜Π˜pp(q˜)pq˜ + q−q˜Π˜qq(q˜)qq˜
+δm−q˜Π˜mm(q˜)δmq˜ + 2p−q˜Π˜pq(q˜)qq˜
+2p−q˜Π˜pm(q˜)δmq˜ + 2q−q˜Π˜qm(q˜)δmq˜
]
+δSB, (34)
where q˜ = (q, iων), with ων (ν integer) a bosoni Mat-
subara frequeny. The oeients Π˜ are given by (B24)
and δSB by (B21). Details of this rather long alulation
are given in Appendix B, to whih we refer readers inter-
ested in results for the repulsive Hubbard model [Eq. (4)℄.
In the bulk of the manusript, we shall fous on the at-
trative Hubbard model as dened in (1).
C. Eetive ation S[ρ,∆]
Results of Se. II B an be easily translated to the at-
trative model. Below Tpair ≡ THFc , the nite amplitude
∆0 of the superonduting order parameter an be inter-
preted as the appearane of inoherent pairs. At weak
oupling, the size ξ0 ∼ t/∆HS0 of these (Cooper) pairs is
muh larger than the lattie spaing (ξ0 ≫ 1). At strong
oupling, the preformed pairs are loal and are expeted
to behave as hard-ore bosons (the hard-ore onstraint
omes from the Pauli priniple whih prevents double
oupany of a lattie site). The rossover temperature
TX marks the onset of strong superonduting utua-
tions (i.e. ξ ≫ 1 with ξ the superonduting orrelation
length).
As already pointed out, in general
mr
2 Ωr annot be
diretly identied with the spin density Sr = c
†
r
σ
2 cr. In
order to nd the relation between Sr and
mr
2 Ωr, we add
to the ation the soure term
SJ =
∫ β
0
dτ
∑
r
c†rJr · σcr, (35)
with Jr = (J
x
r , J
y
r , J
z
r ). The harge and pairing elds in
8the attrative model are then obtained from [see Eq. (7)℄
δS
δJxr
∣∣∣∣
J=0
≡ 2(−1)r|∆r| cosΘr,
δS
δJyr
∣∣∣∣
J=0
≡ −2(−1)r|∆r| sinΘr,
δS
δJzr
∣∣∣∣
J=0
≡ ρr − 1. (36)
We then proeed as in the preeding setion (see
also Appendix B). We integrate out the fermions
to obtain the eetive ation to seond order in
pr, δmr, ∂µpr, ∂µδmr, ∂µqr and rst order in Jr. Using
then Eqs. (36), we obtain the relation between mr,Ωr
and ∆r, ρr: see Eq. (D6) in Appendix D. Eq. (D6) takes
a simple form in the BCS and Bose limits (see Ses. II C 1
and IIC 2).
To proeed further in the general ase, we note that
there is no oupling between ∇q and p, q˙,m in the a-
tion S[p, q,m] (Appendix B). Sine ∇Θr = −∇qr, and
Θ˙, δρ, δ|∆| are funtions of p, q˙,m (Appendix D), S[ρ,∆]
takes the general form
S[ρ,∆] =
1
2
∫ β
0
dτ
∫
d2r
[
iρrΘ˙r +
〈−K〉
8
(∇Θr)
2
+Πρρ(δρr)
2 +Π|∆||∆|(δ|∆r|)2
+2Πρ|∆|δρrδ|∆r|
]
. (37)
Here we use the fat that half the fermion density is the
onjugate variable of the phase of the superonduting
order parameter, as required by gauge invariane.
34
The
ation S[ρ,∆] was previously obtained in Ref. 12. For our
purpose, it is not neessary to determine the expression of
the oeientsΠρρ, Π|∆||∆| and Πρ|∆| whih an be found
in Ref. 12.
35
To make ontat with the usual desription
of a Bose superuid, we integrate out the amplitude eld
|∆|. We thus obtain the ation
S[ρ,Θ] =
1
2
∫ β
0
dτ
∫
d2r
{
iρrΘ˙r +
〈−K〉
8
(∇Θr)
2
+(δρr)
2
[
Πρρ −
Π2ρ|∆|
Π|∆||∆|
]}
. (38)
This ation is similar to the superuid ation
36
Sb =
∫ β
0
dτ
∫
d2r
[
iρbrΘ˙r +
ρb0
2mb
(∇Θr)
2 +
g
2
(δρbr)
2
]
(39)
for bosons of mass mb and density ρbr (ρb0 is the mean
density and δρbr = ρbr−ρb0). g is the amplitude of the re-
pulsive interation between bosons. Comparing Eqs. (38)
and (39), we obtain
ρbr =
ρr
2
,
mb =
4ρ0
〈−K〉 ,
g = 4
(
Πρρ −
Π2ρ|∆|
Π|∆||∆|
)
. (40)
In order to alulate g without omputing Πρρ, Π|∆||∆|
and Πρ|∆|, we integrate out harge utuations. This
yields the phase-only ation
S[Θ] =
∫ β
0
dτ
∫
d2r
[
ρ0
4mb
(∇Θr)
2 +
Θ˙2r
2g
]
+
i
2
ρ0
∫ β
0
dτ
∫
d2rΘ˙r. (41)
S[Θ] orresponds to an O(2) sigma model with an addi-
tional term proportional to the rst-order time derivative
of Θ. mb and g are related to the phase stiness ρ
0
s and
the veloity c of the O(2) sigma model:
mb =
ρ0
2ρ0s
,
g =
c2
ρ0s
. (42)
S[Θ] an be diretly obtained from the ation S[p, q,m]
(Se. II D), whih allows to determine ρ0s and c, and there-
fore mb and g. Antiipating on the results of Se. II D,
we show in Figs. 4-5 mb and g as a funtion of doping
and interation strength. Beause both ρ0s and c vanish
in the low-density limit, the numerial determination of
mb and g from (42) is diult when x → 1. We have
therefore only onsidered x ≤ 0.9.
The low-energy eetive ation (38-39) ensures that
the Fermi superuid will behave similarly to a Bose su-
peruid. Indeed, from the lassial equation of motion,
we obtain the two basi equations (in imaginary time) of
a superuid:
36
iρ˙br +∇ ·
(
ρb0
mb
∇Θr
)
= 0,
iΘ˙r + gδρbr = 0. (43)
For a Bose superuid, the oeient in front of (∇Θ)2
and ∇Θ in Eqs. (39) and (43) is the superuid density
(divided by the boson mass). Here, beause the oe-
ients of the eetive ation S[ρ,Θ] are alulated from
the HF ation, we expet the superuid density to be
given by the full density ρb0 = ρ0/2. In Se. IV, we derive
the eetive ation S[ρ,Θ] in the strong-oupling low-
density limit [inluding the terms proportional to (∇ρr)
2
that are omitted in (39)℄, without relying on the HF the-
ory. We obtain a boson mass mb = 1/J in agreement
with (40) when U ≫ 4t (see Eq. (50) below for x ≃ 1).
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FIG. 4: Boson mass mb and interation strength g vs doping
x = 1− ρ0 for U = 2t, 4t and 12t (solid, dashed, and dotted
lines, respetively).
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FIG. 5: Boson mass mb and interation strength g vs U for
x = 0.1, 0.5 and 0.9 (solid, dashed, and dotted lines, respe-
tively).
There is nevertheless an important dierene with the
Bose superuid ase. S[ρ,Θ] has been obtained by in-
tegrating out amplitude utuations (|∆|) and therefore
does not desribe the full dynamis of the superondut-
ing order parameter ∆r = |∆r|eiΘr (exept in the strong
oupling limit, see Ses. II C 2 and IV).
Eetive ations similar to (38) have been derived pre-
viously for ontinuum or lattie models.
1,10,11,12
In this
setion, we have obtained an eetive ation for the lat-
tie ase whih is valid for all values of the interation
strength. The validity of our approah is quite obvious
both at weak and strong ouplings. In the latter limit, it
simply follows from the mapping between the attrative
model and the Heisenberg model under the partile-hole
transformation (3) (see Se. IV). We therefore expet our
approah to provide a good desription of the BCS-Bose
rossover as the interation strength inreases.
We disuss below in more detail the BCS and Bose
limits.
1. BCS limit
Using the results of Appendix B 1, we dedue
37
from
(D6)
δρr = −δmr,
δ|∆r| = −prx. (44)
Eqs. (44) an be diretly obtained by assuming Sr =
mr
2 Ωr and onsidering the limit ∆0 → 0. This shows
that the identiation between Sr and
mr
2 Ωr holds in the
weak-oupling limit. When inverting the partile-hole
transformation (3), the kineti energy remains unhanged
and the HF spin suseptibility Πzz00(0, 0) beomes the HF
ompressibility κ of the attrative model. The eetive
ation S[q,m] [Eq. (B28)℄ then beomes
S[ρ,Θ] =
1
2
∫ β
0
dτ
∫
d2r
[
iρrΘ˙r +
〈−K〉
8
(∇Θr)
2
+
(
1
κ
− U
2
)
(δρr)
2
]
. (45)
Amplitude utuations (|∆|) do not ouple to density
and phase utuations in the weak-oupling limit. We
also verify that half the fermion density is the onjugate
variable of the phase Θ of the pairing eld. The gauge
hoie ψr = ϕr/m0 [Eq. (B21)℄ is ruial to obtain this
result. For instane, with ψr = 0, one would obtain
(ρr − 1)/2 as the onjugate variable of Θr.
From (45), we onlude that in the BCS limit the sys-
tem behaves as a Bose superuid with ρbr = ρr/2 and
mb = 4
ρ0
〈−K〉 ,
g = 4
(
1
κ
− U
2
)
. (46)
2. Bose limit
In the strong-oupling limit, the auxiliary eld
mr
2 Ωr
an be identied with the spin density Sr (see Appendix
D 1) so that
ρr − 1 = Ωzr ,
∆r =
(−1)r
2
Ω−r , (47)
10
where Ω±r = Ω
x
r±iΩyr . The onditionΩ2r = 1 implies that
harge and amplitude utuations are not independent
but tied by the relation
|∆r| = 1
2
√
ρr(2− ρr). (48)
There is therefore a one-to-one orrespondene between
the bosoni eld Ψr =
√
ρr/2e
iΘr
and the pairing eld
∆r = |∆r|eiΘr . In the low-density limit, both elds o-
inide, sine |∆r| ≃
√
ρr/2.
From (47), we dedue δρr = −2 sin θ0pr and δ|∆r| =
cos θ0pr (with cos θ0 = −x). These equations an also
be obtained from (D6). The eetive ation S[ρ,Θ] then
reads [see Eq. (B33)℄
S[ρ,Θ] =
1
2
∫ β
0
dτ
∫
d2r
[
iρrΘ˙r +
J
4
(1− x2)(∇Θr)2
+2J(δρr)
2
]
. (49)
Again we verify that half the fermion density is the on-
jugate variable of the phase Θ of the pairing eld. In the
Bose limit, we therefore have
mb =
2
J(1 + x)
,
g = 8J. (50)
The BCS and Bose limits dier in the role of the Berry
phase term
〈φ†rR†rR˙rφr〉 = i∆0(prq˙r − p˙rqr)−
i
2
ρ0q˙r, (51)
where we have inluded the gauge-dependent ontribu-
tion (B20). For U ≫ 4t, the Berry phase term beomes
i
2ρrΘ˙r and therefore determines the entire dynamis of
the phase Θ. This is expeted sine the dynamis of the
Heisenberg model entirely omes from the Berry phase
term.
38
For U ≪ 4t, the Berry phase term only gives
i
2ρ0Θ˙r and does not ontribute to the T = 0 phase ol-
letive mode. The missing term,
i
2δρrΘ˙r, omes from the
seond-order umulant 〈(S1+S2)2〉c. For all values of the
interation strength, the ontribution
i
2ρ0
∫ β
0
dτ
∑
r Θ˙r to
the ation, whih is responsible for the Magnus fore at-
ing a vortex,
10
is given by the Berry phase term of the
eetive ation S[m,Ω].39
D. Phase-only ation S[Θ]
Integrating out p, δmHS and δm in the ation
S[p, q,mHS,m], and using Θr = −qr, we obtain the
phase-only ation
S[Θ] =
ρ0s
2
∫ β
0
dτ
∫
d2r
[
(∇Θr)
2 +
Θ˙2r
c2
]
+
i
2
ρ0
∫ β
0
dτ
∫
d2rΘ˙r, (52)
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FIG. 6: Phase stiness ρ0s and veloity c vs doping x = 1 −
ρ0 for U = 2t, 4t and 12t (solid, dashed, and dotted lines,
respetively).
where we have taken the ontinuum limit in real spae.
Eq. (52) is valid in the hydrodynami regime dened by
the momentum-spae uto Λ ∼ min(1, 2∆HS0 /c). Its
validity also requires the utuations of θ to be small,
a ondition whih is not fullled in the viinity of half-
lling. This ase is disussed in detail in Se. III. The
(bare) phase stiness ρ0s and the veloity c of the O(2)
sigma model in (52) are determined by
ρ0s =
〈−K〉
8
,
ρ0s
c2
=
Πzz00(0, 0)
4
+ lim
q˜→0
1
ω2ν
[
Π2qmHS(q˜)
Π′
mHSmHS
(q˜)
+
(
Πqp(q˜)− ΠqmHS (q˜)ΠmHSp(q˜)Π′
mHSmHS
(q˜)
)2
Πpp(q˜)−
Π2
pmHS
(q˜)
Π′
mHSmHS
(q˜)
]
. (53)
At zero temperature, there is superonduting long-range
order (in the attrative model). From (52), we dedue
the existene of a gapless (Goldstone) mode with disper-
sion ω = c|q|. This olletive mode smoothly evolves
from the Anderson-Bogoliubov mode
30
at weak oupling
to the Bogoliubov mode
31
of a Bose superuid at strong
oupling (see Ses. II D 1-IID 2).
Figs. 6-7 show c and ρ0s vs U and x. Our results
reprodue the olletive mode veloity obtained from
a random-phase-approximation (RPA) alulation about
the zero-temperature HF superonduting state.
40,41,42
11
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FIG. 7: Phase stiness ρ0s and veloity c vs U for x = 0.1, 0.5
and 0.9 (solid, dashed, and dotted lines, respetively).
1. BCS limit
In the weak-oupling limit, using the results of Ap-
pendix B 1 and Se. II C 1, we obtain
c2 =
4ρ0s
κ
(
1− U
2
κ
)
. (54)
We further simplify this result by noting that ∆HS0
2
/[(ǫ−
ǫF )
2+∆HS0
2
]3/2 ≡ 2δ(ǫ− ǫF ) in the limit ∆HS0 → 0. This
yields [see Eqs. (A7) in Appendix A℄
κ = 2N0(ǫF ). (55)
Using also (Appendix C)
〈−K〉 = 2
∫
k
v2kδ(ǫk − ǫF ), (56)
where vk =∇kǫk, we nally obtain
c2 =
v2k
2
[1− UN0(ǫF )] ,
v2k =
∫
k
v2kδ(ǫk − ǫF )∫
k
δ(ǫk − ǫF ) . (57)
v2k is the mean square veloity on the (non-interating)
Fermi surfae. Eqs. (57) reprodue the expression of the
veloity of the Anderson-Bogoliubov mode
30
in a 2D on-
tinuum model if we identify v2k with v
2
F = (kF /m)
2
(with
kF the Fermi momentum andm the fermion mass). They
were also obtained in Ref. 41 from an RPA alulation
about the zero-temperature HF superonduting state.
2. Bose limit
In the strong-oupling limit, using the results of Ap-
pendix B 2, we obtain
ρ0s =
J
4
(1− x2),
c =
√
2J
√
1− x2. (58)
We reover the veloity c =
√
ρb0g/mb of the Bogoliubov
mode in a Bose superuid,
36
where the mass mb and the
interation amplitude g of the bosons are dened in (50)
(ρb0 = ρ0/2). At half-lling, x = 0, Eqs. (58) agree with
results obtained diretly from the Heisenberg model.
E. Berezinskii-Kosterlitz-Thouless transition
The eetive ation S[Θ] derived in Se. II D is valid for
temperatures below the rossover temperature TX , i.e.
T ≪ TX (see Se. II B). Sine TBKT ∼ TX ∼ Tpair in the
weak-oupling limit (as will be shown below), this ee-
tive ation is not suient if one is interested in the BKT
phase transition. In this setion, we derive the phase-only
ation S[Θ] for temperatures T ≤ Tpair and obtain the
BKT phase transition temperature TBKT. We onsider
the stati (i.e. lassial) limit, where non-analyti on-
tributions due to the Landau damping terms
32,33
are not
present. In this limit, the q eld deouple from other u-
tuations (p, δmHS and δm), and we obtain (see Appendix
A)
S[Θ] =
ρ0s
2T
∫
d2r(∇Θr)
2, (59)
ρ0s =
〈−K〉
8
− Π
zz
xx(0, 0)
4
=
∫
k

ǫkǫk↑
8Ek↑
tanh
Ek↑
2T
− t
2 sin2 kx
2T cosh2
(
Ek↑
2T
)

 .(60)
The ation (59) is valid in the hydrodynami regime and
must therefore be supplemented with a momentum-spae
uto Λ ∼ min(1, 2∆HS0 (T )/c). Πzzxx(0, 0) is a urrent-
urrent orrelation funtion in the attrative model. It
vanishes at zero temperature, and the phase stiness re-
dues to the mean kineti energy as obtained in Se. II D.
The expression (60) of the nite-temperature phase sti-
ness has also been obtained in Refs. 43,44,45.
In order to extrat the BKT phase transition temper-
ature, we assume that the system is desribed by an XY
model whose ontinuum limit is given by (59).
43,44,45,46,47
Although this assumption an be justied at strong-
oupling (exept in the low-density limit) (see Se. IV),
it is in general not orret.
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Nevertheless, it should give
a reasonable estimate of the BKT phase transition tem-
perature. This leads us to the 2D XY Hamiltonian
HXY = −ρ0s
∑
〈r,r′〉
cos(Θr −Θr′), (61)
12
dened on a square lattie with spaing ∼ Λ−1. The XY
model (61) is known to have a BKT phase transition at
the temperature TBKT dened by
TBKT = Qρ
0
s(TBKT), (62)
where Q ≃ 0.898 is estimated from Monte-Carlo
simulations.
48,49,50
In (62), we have written expliitly the
temperature dependene of ρ0s. TBKT is obtained by solv-
ing simultaneously Eqs. (22,23,62).
From the XY model, we an extrat another hara-
teristi temperature,
TX = 2ρ
0
s(TX), (63)
dened as the mean-eld transition temperature of HXY .
TX marks the onset of a RC regime of superondut-
ing utuations. In this regime, superonduting u-
tuations beome quasi-stati, the amplitude |∆r| of the
order parameter takes a nite value, and strong phase
utuations develop (i.e. ξ ≫ 1, with ξ the orrelation
length).
51
In the strong oupling limit, TBKT ≃ QJ4 (1 − x2) and
TX ≃ J2 (1 − x2) ≪ Tpair. In the weak-oupling limit,
TBKT ∼ TX ∼ Tpair ∝ e−1/UN0(ǫF ) is exponentially
small.
F. Phase diagram
Near half-lling, q = Q harge utuations beome
important and are suppressed only at very small tem-
perature. [This orresponds to a weak magneti eld h0
in the repulsive model.℄ We all TSO(3→2) the rossover
temperature above whih harge utuations restore the
SO(3) symmetry of the order parameter. Postponing the
determination of TSO(3→2) to Se. III, we disuss in this
setion the phase diagram of the 2D attrative Hubbard
model.
Let us rst disuss the phase diagram as a funtion of
doping (Figs. 8-9). Below Tpair (not shown in the gure
for U = 12t), the amplitude of the superonduting order
parameter takes a nite value, but with no short-range
order of the phase (i.e. ξ ∼ 1 with ξ the superonduting
orrelation length). This orresponds to the appearane
of inoherent pairs (Cooper pairs at weak-oupling and
loal pairs at strong oupling). Below TX , superondut-
ing orrelations start to grow. The system enters a RC
regime of utuations with SO(2) symmetry: the phase
orrelation length ξ inreases and rapidly beomes muh
larger than the lattie spaing (ξ ≫ 1). At TBKT, a BKT
phase transition ours and the system beomes super-
onduting. Superonduting long-range order sets in at
T = 0. The situation is slightly dierent near half-lling
where TSO(3→2) < TX . Below TX , both superondut-
ing and q = Q harge utuations start to grow, and
the order parameter has an eetive SO(3) symmetry.
For T < TSO(3→2), harge utuations are suppressed
and only superonduting utuations ontinue to grow.
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FIG. 8: TBKT, TSO(3→2), TX and Tpair vs doping x for U =
12t, 4t and 2t. For U = 12t, Tpair, whih is nearly a vertial
line around x = 1 on the sale of the gure, is not shown.
This orresponds to a regime of utuations with SO(2)
symmetry whih eventually drive a BKT phase transi-
tion at the temperature TBKT. One the SO(2) regime
is reahed, the BKT phase transition ours rapidly, so
that TBKT an be estimated by TSO(3→2) (see Se. III B).
Therefore, the true transition temperature is estimated
as min(TBKT, TSO(3→2)), where TBKT is the transition
temperature obtained in Se. II E, i.e. by negleting the
q = Q harge utuations. The resulting phase dia-
gram is shown in Fig. 9. In the intermediate and strong-
oupling regimes (i.e. for U & 4t), we learly identify a
RC regime above the BKT superonduting phase and
an inoherent-pair regime at higher temperatures. We
believe the persistene of the inoherent-pair regime at
weak-oupling (see Fig. 9 for U = 2t) to be likely an ar-
tifat of our simple estimate of Tpair. Due to many-body
eets not taken into aount in our approah, Tpair is re-
dued with respet to the HF transition temperature.
52
We expet Tpair ≃ TX at weak oupling and thus the
disappearane of the inoherent-pair regime. We also ob-
serve that the RC regime with SO(3) utuations extends
to higher doping at strong oupling. Fig. 10 shows the
phase diagram as a funtion of U for x = 0.1, 0.5 and
13
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FIG. 9: Phase diagram of the 2D attrative Hubbard model vs
doping x for U = 12t, 4t and 2t. SC: superonduting phase
(algebrai order). RC-SO(2): renormalized lassial regime
with utuations of SO(2) symmetry. RC-SO(3): RC regime
where the utuations exhibit an eetive SO(3) symmetry
due to the presene of strong q = Q harge utuations. FL:
Fermi liquid. The inoherent-pair regime (IP) orresponds to
the formation of Cooper (loal) pairs at weak (strong) ou-
pling, without short-range SC order. Superonduting long-
range order sets in at T = 0.
0.9.
Away from half-lling, the BKT phase transition tem-
perature derived from the riterion TBKT ∝ ρ0s(TBKT),
with ρ0s given by (60), was also disussed in Refs. 43,
44,45,46. Good quantitative agreement with Quantum
Monte-Carlo simulations was obtained.
45
Our estimation
of the rossover temperature TX for U = 4t also agrees
with the Quantum Monte-Carlo simulations of Ref. 51.
In the weak-oupling limit, we expet a pseudogap
to appear in the density of states and the spetral
funtion A(k, ω) = −π−1ImG(k, ω) below the rossover
temperature TX [G(k, ω) is the single-partile Green's
funtion℄.
51,52,53
This pseudogap results from strong sat-
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FIG. 10: Phase diagram of the 2D attrative Hubbard model
vs U for x = 0.1, 0.5 and 0.9.
tering of partiles on olletive utuations in the RC
regime.
51,52
In the BCS limit, the pseudogap region is
small, exept in the viinity of half-lling where an SO(3)
RC regime is observed over a wide temperature range
(0 ≤ T . TX) [see Fig. 9℄.54 As the interation strength
inreases, the weak-oupling pseudogap should progres-
sively evolves into a strong-oupling gap due to the for-
mation of loal singlet pairs when T . Tpair. Pseudogaps
in the 2D attrative Hubbard model have been seen both
in Quantum Monte Carlo simulations
51,53,54
and analyt-
ial approahes.
1,51,52,55,56,57
At half-lling, the transfor-
mation of the weak-oupling pseudogap into the strong-
oupling gap has been studied in Refs. 23,24.
III. NEAR HALF-FILLING
In this setion, we alulate the rossover temperature
TSO(3→2) introdued in Se. II F. The approah of Se. II
holds only when q = Q harge utuations (in the attra-
tive model) are weak for all temperatures below TX . In
the repulsive model, this orresponds to the limit where
14
the magneti eld h0 is strong enough to suppress u-
tuations of the Sz omponent of the spin density. Near
half-lling, q = Q harge utuations are suppressed
only at very low temperature. We therefore expet a RC
regime with SO(3) symmetry in the temperature range
TSO(3→2) ≤ T ≤ TX followed by a RC regime with SO(2)
symmetry at lower temperature (TBKT ≤ T ≤ TSO(3→2)).
In the repulsive model, a weak magneti eld h0 =
h0zˆ an be treated perturbatively. When it vanishes,
the low-energy eetive ation for spin utuations is a
NLσM.23,24,28 From general arguments,58 we expet the
magneti eld to modify the kineti term of the NLσM,
n˙2r → (n˙r − 2ih0 × nr)2, as obtained in the Heisenberg
limit.
59
[Here n (n2 = 1) is the Néel eld desribing
low-energy AF utuations.℄ We show below that this
is indeed orret. We onsider the low-temperature limit
T ≪ TX where the oeients of the eetive ation an
be evaluated in the zero-temperature limit.
Following Ref. 24, we introdue only one auxiliary eld
(mr) to deouple the spin term (c
†
rσ ·Ωrcr)2 in (9).60 The
ation then reads
S =
∫ β
0
dτ
∑
r
[
c†r(∂τ − tˆ− h0σz −mrσ ·Ωr)cr +
m2r
U
]
.
(64)
At the HF level, negleting the magneti eld, we have
mr = m0 and Ω
cl
r = (−1)rzˆ. We hoose the AF mag-
netization along the z axis as in Ref. 24. The saddle-
point equation reads 2m0/U = (−1)r〈c†rσzcr〉. Follow-
ing Haldane,
38,61
in the presene of AF short-range order
(T ≪ TX), we write
Ωr = (−1)rnr
√
1− L2r + Lr. (65)
nr is the slowly varying Néel eld, whereas Lr is a ant-
ing vetor, orthogonal to nr, taking aount of loal fer-
romagneti utuations. We assume Lr to be small,
whih learly restrits the validity of this approah to
weak magneti elds. As in Se. II, we introdue a new
eld φ dened by cr = Rrφr where Rr is a time- and
site-dependent SU(2)/U(1) matrix satisfying
Rrσ
zR†r = σ · nr. (66)
Rr, the SO(3) element assoiated to Rr, maps zˆ onto
nr. We also dene the rotated anting eld lr = R−1r Lr.
Given that R−1r nr = zˆ and Lr ⊥ nr, the lr vetor lies in
the (x− y) plane.
In order to express the ation in terms of the φ eld,
it is onvenient to make use of the SU(2) gauge eld
Aµr =
∑
ν=x,y,z A
ν
µrσ
ν
dened as
A0r = −R†r∂τRr,
Aµr = iR
†
r∂µRr (µ = x, y). (67)
Sine the gauge eld is of order O(∂µ), we an expand
the ation with respet to l, Aµ, h0 and δm. To seond
order, we obtain
S = SHF + Sp + Sl + Sd + Sl2 + Sh0 + Sδm
+
∫ β
0
dτ
∑
r
δm2r + 2m0δmr
U
,
Sp = −
∫ β
0
dτ
∑
µ=0,x,y
ν=x,y,z
r
jνµrA
ν
µr,
Sd =
t
2
∫ β
0
dτ
∑
µ=x,y
ν=x,y,z
r
Aνµr
2φ†r cos(−i∂µ)φr + c.c.,
Sl = −m0
∫ β
0
dτ
∑
ν=x,y
r
lνr j
ν
0r,
Sl2 =
m0
2
∫ β
0
dτ
∑
r
(−1)rl2rjz0r,
Sh0 = −h0
∫ β
0
dτ
∑
r
φ†rR
†
rσ
zRrφr,
Sδm = −
∫ β
0
dτ
∑
r
(−1)rδmrjz0r, (68)
where the spin-density urrent jνµr is dened in (A2). For
h0 = 0, S redues to the ation derived in Ref. 24. SHF is
the HF ation. Sp and Sd are paramagneti and diamag-
neti terms, respetively. Sl and Sl2 are rst-order and
seond-order orretions in l. Sδm is the ontribution due
to amplitude utuations.
62
The eetive ation S[n,L, δm] is obtained by integrat-
ing out the fermions. To seond order in Aµ, l, δm and
h0, one nds
S[n,L, δm] = S[n,L;h0 = δm = 0] + 〈Sp + Sh0 + Sδm〉
−1
2
〈(Sh0 + Sδm)2
+2(Sh0 + Sδm)(Sp + Sl)〉c
+
∫ β
0
dτ
∑
r
δm2r + 2m0δmr
U
, (69)
where the averages 〈· · · 〉 are taken with the HF ation.
S[n,L;h0 = δm = 0] is the ation with no magneti
eld (and no amplitude utuations) and was derived in
Ref. 24. 〈Sp〉 is a Berry phase term. It was ignored in
Ref. 24, sine it does not play any role in the RC regime of
the h0 = 0 NLσM. In order to alulate the HF averages,
we write
Sh0 = −h0
∫ β
0
dτ
∑
r
ν=x,y,z
Bν0rj
ν
0r, (70)
where Bν0r is dened by R
†
rσ
zRr =
∑
ν=x,y,z B
ν
0rσ
ν
. Aνµr
and Bν0r are alulated using
Rr =
(
cos
(
θr
2
)
e−
i
2 (ϕr+ψr) − sin ( θr2 ) e− i2 (ϕr−ψr)
sin
(
θr
2
)
e
i
2 (ϕr−ψr) cos
(
θr
2
)
e
i
2 (ϕr+ψr)
)
.
(71)
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Here we dene nr by its polar and azimuthal angles θr
and ϕr. The angle ψr omes from the U(1) gauge freedom
in the denition of Rr. We obtain
Ax0r =
i
2
θ˙r sinψr − i
2
ϕ˙r sin θr cosψr,
Ay0r =
i
2
θ˙r cosψr +
i
2
ϕ˙r sin θr sinψr,
Az0r =
i
2
ϕ˙r cos θr +
i
2
ψ˙r,
Bx0r = − sin θr cosψr,
By0r = sin θr sinψr,
Bz0r = cos θr. (72)
Aνµr (µ 6= 0) is obtained from Aν0r with the replaement
∂τ → −i∂µ.
We nd (see Appendix E)
〈Sp〉 = −im0
U
∫ β
0
dτ
∑
r
(−1)r(ϕ˙r cos θr + ψ˙r),
〈Sh0〉 = 0,
〈S2h0〉 = Πxx00
∫ β
0
dτ
∑
r
(h0 × nr)2,
〈Sh0Sp〉 =
i
2
Πxx00
∫ β
0
dτ
∑
r
h0 · (nr × n˙r),
〈Sh0Sl〉 = m0Πxx00
∫ β
0
dτ
∑
r
h0 · Lr, (73)
and 〈Sh0Sδm〉 = 〈SδmSp〉 = 〈SδmSl〉 = 0. There is there-
fore no oupling between amplitude and diretion u-
tuations in the limit of a small magneti eld. The HF
orrelation funtion Πxx00 ≡ Πxx00 (0, 0) is given in Appendix
A 2. Using the result of Ref. 24 for S[n,L;h0 = δm = 0],
one has
S[n,L] =
∫ β
0
dτ
∑
r
[ 〈−K〉
16
(∇nr)
2
+
Πxx00
8
(n˙r − 2ih0 × nr)2
+m20
(
1
U
− Π
xx
00
2
)
L2r
− i
2
m0Π
xx
00Lr · (nr × n˙r − 2ih0)
]
+SB[n], (74)
where we have taken the ontinuum limit in real spae.
〈K〉 is the mean kineti energy in the HF state (for
h0 = 0). We denote the Berry phase term 〈Sp〉 by SB[n].
Integrating out the L eld with the onstraint Lr ⊥ nr,
we nally obtain
S[n] =
ρ¯0s
2
∫ β
0
dτ
∫
d2r
[
(∇nr)
2 +
(n˙r − 2ih0 × nr)2
c¯2
]
+SB[n], (75)
where
ρ¯0s =
〈−K〉
8
,
c¯2 =
〈−K〉
2
(
1
Πxx00
− U
2
)
. (76)
ρ¯0s and c¯ are the spin stiness and the spin-wave veloity
in the absene of eld (h0 = 0, i.e. at half-lling in the
attrative model). It an be heked analytially that the
expression of c¯ agrees with (53) evaluated at h0 = 0. The
ation (75) is valid in the hydrodynami regime dened
by the momentum-spae uto Λ ∼ min(1, 2m0/c¯). In
the strong-oupling limit, c¯ =
√
2J and ρ¯0s = J/4, we
reover the NLσM obtained from the Heisenberg model
in a magneti eld.
59
The rossover temperature TX an
be obtained from the riterion ξ ∼ 1, where ξ is the AF
orrelation length dedued from the NLσM.24 However,
sine TX is weakly doping dependent near half-lling,
we an also onsider the estimate obtained in Se. II F
[Eq. (63)℄.
A. Low-temperature limit
In the low-temperature limit, one expets to reover
the results obtained in Se. II. Let us rst onsider the
NLσM (75) within a stati saddle-point approximation
where the Néel eld nclr lies in the (x, y) plane. The
lassial ation reads
Scl = −Nβ 2ρ¯
0
sh
2
0
c¯2
. (77)
The magneti eld h0 is determined by the ondition
〈c†rσzcr〉 = (Nβ)−1∂h0 lnZ = −x. From (77), we dedue
h0 = −x c¯
2
4ρ¯0s
. (78)
The hemial potential µ ≡ h0−U/2 obtained from (78)
is in very good agreement with the result of Se. II for
x . 0.2 (Fig. 11). In the strong-oupling limit, c¯ =
√
2J
and ρ¯0s = J/4, we nd h0 = −2Jx as in Se. II.
Let us now onsider utuations about the Néel state
dened by nclr .
63
We have shown in Se. II C that the
phase of the superonduting order parameter is ob-
tained from Θr = −arctan(Ωyr/Ωxr ) + Q · r [Eq. (D6)℄.
From (65), we then dedue Θr = −ϕr. It is also lear
that the θ eld is related to the q = Q harge u-
tuations. In the low-temperature limit |nzr | ≪ 1. The
low-energy eetive ation S[Θ, θ] is obtained by assum-
ing |∇Θr|, |Θ˙r|, |∇θr|, |θ˙r|, |θr − π/2| ≪ 1. For the al-
ulation of the Berry phase term SB[n], we hoose ψr =
(−1)rϕrU/(2m0). As in Se. II, this gauge hoie ensures
that eletromagneti gauge invariane is satised.
34
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FIG. 11: Zero-temperature hemial potential µ = h0 − U/2
vs doping x for U = 2t, 4t and 12t. The dashed lines show
the result obtained from Eq. (78). The solid lines reprodue
the results obtained by solving Eqs. (22-23) [see Fig. 2℄.
gives S[Θ, θ] = Scl + S[Θ] + S[θ] where
S[Θ] =
ρ¯0s
2
∫ β
0
dτ
∫
d2r
[
(∇Θr)
2 +
Θ˙2r
c¯2
]
+
i
2
ρ0
∫ β
0
dτ
∫
d2Θ˙r, (79)
S[θ] =
ρ¯0s
2
∫ β
0
dτ
∫
d2r
[
(∇θr)
2 +
θ˙2r
c¯2
+
(2h0)
2
c¯2
(
θr − π
2
)2]
. (80)
S[Θ] orresponds to the h0 = 0 limit of the phase-only
ation (52) derived in Se. II. S[θ] desribes q = Q
harge utuations with a gap 2|h0|. These utuations
were not onsidered in Se. II. We show in the next
setion that they play an important role when |h0| is
small, i.e. near half-lling in the attrative model.
B. High-temperature limit: SO(3)→SO(2)
rossover and BKT transition
The preeding results are valid at low temperatures
when utuations of θr are small. In this regime, the
SO(3) rotation symmetry is broken by the magneti eld.
At higher temperatures, the gapped mode will be ther-
mally exited thus restoring the SO(3) spin-rotation sym-
metry. In this setion, we determine the rossover tem-
perature TSO(3→2) separating these two regimes and the
BKT transition temperature TBKT ≤ TSO(3→2).
The SO(3)→SO(2) rossover an be understood from
renormalization group (RG) arguments. Following the
standard proedure,
64
we write the Néel eld nr as ((1−
Πr
2)1/2,Πr), Πr = (Π
y
r ,Π
z
r), with |Πr| ≪ 1. This yields
the spin-wave ation
S =
ρ¯0s
2
∫ β
0
dτ
∫
d2r
[
(∇Πr)
2 +
Π˙2r
c¯2
+
4h20
c¯2
Πzr
2
]
+ S1,
(81)
with momenta bounded by the NLσM uto Λ. In agree-
ment with Se. III A, we nd a gap in the (bare) propaga-
tor of the Πz eld. The interation part S1 of the ation is
evaluated at h0 = 0. RG equations are obtained by inte-
grating out degrees of freedom with momenta between Λ
and Λe−dl and resaling momenta, energies and elds.64
At the beginning of the RG proedure, we an ignore the
gap in the utuations of Πz and treat the magneti eld
perturbatively. We then obtain the usual RG equations
of the SO(3) NLσM (h0 = 0) for the dimensionless ou-
pling onstants g = c¯Λ/ρ¯0s and t = T/ρ¯
0
s, together with
the ow equation dh0/dl = h0. The RG ow should be
stopped when we reah the strong-oupling regime of the
SO(3) NLσM (t(l) ∼ 1) or when the magneti eld an-
not be treated perturbatively anymore (|2h0(l)| ∼ c¯Λ).
Introduing the harateristi length Λ−1el, the former
ondition denes the SO(3) AF orrelation length ξ while
the latter denes the magneti length ξh0 = c/|2h0|.
We are therefore left to onsider two dierent ases. If
ξ . ξh0 , t(l) ∼ 1 ours before |2h0(l)| ∼ c¯Λ. The system
is then disordered by SO(3) utuations before reahing
the SO(2) regime. This will our above the rossover
temperature TSO(3→2) dened by ξ(TSO(3→2)) ∼ ξh0 .65 If
ξh0 . ξ, i.e. T . TSO(3→2), an SO(3)→SO(2) rossover
takes plae. For |2h0(l)| > c¯Λ, utuations of Πz are sup-
pressed, and only utuations of Πy survive. This regime
is desribed by an SO(2) NLσM with oupling onstants
t(lh0) and g(lh0) where lh0 is dened by |2h0(lh0)| ∼ c¯Λ.
The very existene of the SO(2) regime implies t(lh0) . 1.
The latter inequality is also approximately the ondition
for the SO(2) NLσM to be in the low-temperature BKT
phase. This implies that the temperature range where
the system is disordered by SO(2) utuations is very
narrow, so that we an identify the BKT transition tem-
perature with the SO(3)→SO(2) rossover temperature:
TBKT ∼ TSO(3→2).
In order to determine TSO(3→2), we use the following
expression for the h0 = 0 orrelation length ξ:
64
ξ(T ) = K
c¯
ρ¯s
exp
(
2πρ¯s
T
)
, (82)
whereK ≃ 0.05 and ρ¯s is the zero-temperature spin sti-
ness in the Néel state. To estimate ρ¯s, we use the one-
loop RG result,
64
ρ¯s = ρ¯
0
s
(
1− c¯Λ
4πρ¯0s
)
. (83)
TSO(3→2) is therefore given by
TSO(3→2) =
2πρ¯s
ln
(
ρ¯s
2K|h0|
) ≃ 2πρ¯s
ln
(
10ρ¯s
|h0|
) , (84)
where we have taken K = 0.05. TSO(3→2), obtained from
(84), is shown in Fig. 8.
The denition of TSO(3→2) is meaningful only below
the rossover temperature TX whih marks the onset of
AF short-range order and denes the temperature range
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where the NLσM holds. One TSO(3→2) beomes of the
order of TX , as |h0| inreases, q = Q harge utuations
(in the attrative model) an be ignored. In this regime,
the analysis of Se. II holds.
IV. STRONG-COUPLING LIMIT
In the strong-oupling limit U ≫ 4t, we an diretly
integrate out the fermions to reover the ation S[Ω] of
the Heisenberg model in a magneti eld (Se. IVA).
We an then go beyond the hydrodynami limit (q →
0) onsidered in Se. II and obtain the olletive mode
dispersion over the entire Brillouin zone. When |h0| is
weak enough (i.e. away from the low-density limit in the
attrative model), the Heisenberg model redues to the
quantum XY model (Se. IVB). In the low-density limit,
the Heisenberg model allows to reover the usual ation
of a Bose superuid, inluding the terms proportional
to (∇ρr)
2
that were omitted in Se. II, and in turn the
Gross-Pitaevskii equation (Se. IVC).
A. Heisenberg model
We write the ation (11-12) in terms of the φ eld
dened by cr = Rrφr and Rrσ
zR†r = σ ·Ωr:
S = Sat +
∫ β
0
dτ
[∑
r
φ†r(R
†
rR˙r − h0R†rσzRr)φr
−t
∑
〈r,r′〉
(φ†rR
†
rRr′φr′ + c.c.)
]
, (85)
Sat =
∫ β
0
dτ
∑
r
[φ†r(∂τ − imHS0 σz)φr], (86)
where we neglet spin amplitude utuations and imHS0 =
U/2 to leading order in 1/U (see Se. II). Sat is the ation
in the atomi limit (t = 0). The eetive ation of the
angular variable Ω is obtained by integrating out the
fermions. To lowest order in t/U and h0, we obtain
S =
∫ β
0
dτ
∑
r
[〈φ†rR†rR˙rφr〉 − h0〈φ†rR†rσzRrφr〉]
−1
2
∫ β
0
dτdτ ′
∑
r1,r2
r′
1
,r′
2
tr1,r2tr′1,r′2
〈
(φ†r1R
†
r1
Rr2φr2)τ
×(φ†
r′1
R†
r′1
Rr′2φr′2)τ ′
〉
, (87)
where tr,r′ equals t for r, r
′
nearest neighbors and van-
ishes otherwise. The averages in (87) are taken with the
atomi ation. They an be easily alulated using the
parameterization (71) of Rr. One nds
〈φ†rR†rR˙rφr〉 = 〈Ωr|Ω˙r〉,
〈φ†rR†rσzRrφr〉 = Ωzr ,〈
(φ†r1R
†
r1
Rr2φr2)τ (φ
†
r′1
R†
r′1
Rr′2φr′2)τ ′
〉
≃ δr′1,r2δr′2,r1δ(τ − τ ′)
1
U
(1−Ωr1 ·Ωr2), (88)
where we have used (R†rRr′)σσ¯(R
†
r′Rr)σ¯σ = (1 − Ωr ·
Ωr′)/2. We have introdued the spin− 12 oherent
state |Ωr〉 = Rr| ↑〉 = cos
(
θr
2
)
e−
i
2 (ϕr+ψr)| ↑〉 +
sin
(
θr
2
)
e
i
2 (ϕr−ψr)| ↓〉.38 ψr is arbitrary and orresponds
to the U(1) gauge freedom in the denition of the SU(2)
matrix Rr. We therefore reover the ation
S =
∫ β
0
dτ
{∑
r
[〈Ωr|Ω˙r〉 − h0 ·Ωr]+ J ∑
〈r,r′〉
Ωr ·Ωr′
4
}
(89)
of the Heisenberg model in a magneti eld h0.
Consider rst the lassial ground-state dened by
Ωclr = (−1)r sin θ0xˆ + cos θ0zˆ. Minimizing the lassial
ation
Scl = Nβ
[
−h0 cos θ0 + J
2
cos(2θ0)
]
(90)
with respet to θ0, we nd
cos θ0 =
h0
2J
(91)
if |h0| ≤ 2J and θ = π otherwise (for h0 ≤ 0). The
ondition 〈c†rσzcr〉 = −x translates into 〈Ωzr〉 = −x (see
Appendix D 1), i.e. cos θ0 = −x within the lassial ap-
proximation. We thus obtain h0 = −2Jx as in Se. II A 2.
The Heisenberg model allows to obtain the olle-
tive exitations of the attrative Hubbard model in the
strong-oupling limit without taking the ontinuum limit.
We introdue the variables pr = (θr − θ0)/2 and qr =
ϕr − Q · r and derive the eetive ation to quadrati
order in pr and qr − qr′ (for r, r′ rst neighbors):
S =
∫ β
0
dτ
{∑
r
[
i
2
sin θ0(prq˙r − p˙rqr) + 2h0 cos θ0p2r
− i
2
ρ0q˙r
]
+
J
4
∑
〈r,r′〉
[
−2 cos(2θ0)(pr + pr′)2
+
sin2 θ0
2
(qr − qr′)2
]}
. (92)
The Berry phase term 〈Ωr|Ω˙r〉 has been evaluated with
ψr = ϕr. This gauge hoie is similar to the one made in
Se. II. We thus obtain
S = − i
2
ρ0
∫ β
0
dτ
∑
r
q˙r+
1
2
∑
q˜
(p−q˜, q−q˜)D−1(q˜)
(
pq˜
qq˜
)
,
(93)
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FIG. 12: Colletive mode dispersion ωq in the strong-oupling limit as obtained from the Heisenberg model [Eq. (95)℄ for
x = 0.1 (solid line), 0.5 (dashed line) and 0.9 (dotted line). [Γ = (0, 0), M = (pi, pi) and X = (pi, 0).℄
D−1(q˜) =
( −4J cos(2θ0)(1 + γq) + 4h0 cos θ0 ων sin θ0
−ων sin θ0 J sin2 θ0(1− γq)
)
, (94)
where γq = (cos qx + cos qy)/2. Eqs. (92-94) assume the utuations of p to be small and are therefore valid only for
h0 6= 0, i.e. away from half-lling in the attrative model. At zero-temperature, there is AF long-range order (i.e.
superonduting order in the attrative model). Colletive modes are then obtained from detD−1(q˜) = 0 with the
analyti ontinuation to real frequenies iων → ωq. This gives66
ω2q = 2h
2
0(1− γq)− (2h20 − 4J2)(1− γ2q)
= 8J2x2(1− γq)− 4J2(2x2 − 1)(1− γ2q). (95)
Fig. 12 shows ωq for dierent values of the doping x. For q→ 0, we obtain a spin-wave mode (satisfying p ≃ 0) with
dispersion ωq = c|q|, c =
√
2J
√
1− x2. This mode orresponds to the Bogoliubov mode obtained in Se. II D 2. In
the viinity of Q = (π, π), we nd a mode with the dispersion
ω2q = (2h0)
2 ±
√
2J |1− 3x2|1/2q2, (96)
where the + (−) sign refers to the ase x < 1/√3 (x > 1/√3). When x < 1/√3, this mode orresponds to a loal
minimum of the energy with a gap |2h0|. It involves utuations along the magneti eld axis whih orrespond in
the attrative model to q = Q harge-density utuations. At the ritial value of the doping xc = 1/
√
3, this loal
minimum beomes a loal maximum. Note that the value |2h0| of the gap was also found in Se. III A for a weak
magneti eld but for all values of the interation U .67
B. Quantum XY model
In this setion, we show that the attrative Hubbard model in the strong-oupling limit redues to the quantum
XY model (exept in the low-density limit). The eetive ation of the phase Θr = −qr = −ϕr + Q · r of the
superonduting order parameter is obtained by integrating out the p eld. To quadrati order in p, the ation reads
S[p,Θ] =
∫ β
0
dτ
{∑
r
[
i
2
ρ0Θ˙r − i sin θ0prΘ˙r + 2h0 cos θ0p2r
]
− J
2
cos(2θ0)
∑
〈r,r′〉
(pr + pr′)
2
+
J
4
∑
〈r,r′〉
[
1− cos(Θr −Θr′)
][
sin2 θ0 + sin(2θ0)(pr + pr′) + 4 cos
2 θ0prpr′ − 2 sin2 θ0(p2r + p2r′)
]}
. (97)
Sine the utuations of p are small, we an neglet all
the terms but sin2 θ0 in the oeient of 1 − cos(Θr −
Θr′). This approximation breaks down when sin θ0 → 0
(i.e. θ0 → π), whih orresponds to the low-density limit
of the attrative Hubbard model. Integrating out the p
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eld, we obtain the ation of the quantum XY model
S[Θ] =
∫ β
0
dτ
{∑
r
[
i
2
ρ0Θ˙r +
Θ˙2r
16J
]
+
J
4
(1 − x2)
∑
〈r,r′〉
[
1− cos(Θr −Θr′)
]}
.(98)
Taking the ontinuum limit, we reover the phase-only
ation derived in Se. II for U ≫ 4t [Eqs. (52,58)℄.
C. Low-density limit: Gross-Pitaevskii equation
In the strong-oupling limit, fermions form tightly
bound pairs whih behave as hard-ore bosons (the hard-
ore onstraint omes from the Pauli priniple whih pre-
vents double oupany of a lattie site). In the low-
density limit, the hard-ore onstraint does not matter
anymore and we expet to reover the usual ation of a
Bose superuid, and in turn the Gross-Pitaevskii equa-
tion.
Using Eqs. (47,48),
Ω±r = (−1)r[ρr(2− ρr)]1/2e∓iΘr ,
Ωzr = ρr − 1, (99)
we dedue from the Heisenberg model [Eq. (89)℄
S[ρ,Θ] =
∫ β
0
dτ
∫
d2r
{
i
2
ρrΘ˙r + Jρ
2
r − (h0 + 2J)ρr
+
J
4
[
(∇ρr)
2
4ρr
+ ρr(∇Θr)
2
]}
(100)
in the low-density limit (ρr ≪ 1) and to seond order
in gradient. We have taken the ontinuum limit in real
spae. Introduing the boson density ρbr = ρr/2, we
reover the ation of a Bose superuid,
S[ρb,Θ] =
∫ β
0
dτ
∫
d2r
{
iρbrΘ˙r +
g
2
ρ2br − µbρbr
+
1
2mb
[
(∇ρbr)
2
4ρbr
+ ρbr(∇Θr)
2
]}
=
∫ β
0
dτ
∫
d2r
[
Ψ∗r
(
∂τ − µ− ∇
2
2mb
)
Ψr
+
g
2
(Ψ∗rΨr)
2
]
, (101)
where Ψr =
√
ρbre
iΘr
.
mb =
1
J
,
µb = 2h0 + 4J,
g = 8J, (102)
are the mass, hemial potential and interation onstant
of the bosons, respetively. Note that if we neglet the
(∇ρbr)
2
term and replae ρbr by ρb0 in the (∇Θr)
2
term,
we reover the ation S[ρ,Θ] (for x → 1) derived in
Se. II C 2.
The lassial equations of motion derived from the a-
tion (101) yield the Gross-Pitaevskii equation
(
∂τ − µb − ∇
2
2mb
)
Ψr + g|Ψr|2Ψr = 0 (103)
for the omplex order parameter Ψr =
√
ρbre
iΘr
. As
pointed out in Se. II C 2, Ψr equals the superondut-
ing order parameter∆r = |∆r|eiΘr in the strong-oupling
low-density limit of the attrative Hubbard model. Alter-
natively, the Gross-Pitaevskii equation an be obtained
from the semilassial spin dynamis,
iΩ˙r =
J
2
∑
δ
Ωr+δ ×Ωr − 2h0 ×Ωr, (104)
within a seond-order gradient expansion and in the low-
density limit ρr = Ω
z
r + 1≪ 1. The sum over δ in (104)
denotes a sum over nearest neighbors.
For ontinuum models, the time-independent Gross-
Pitaevskii equation has been obtained as the strong-
oupling limit of the Bogoliubov-de Gennes equations.
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It has also been shown that the results obtained in the
strong-oupling limit of an RPA alulation about the
BCS state an be reprodued from the linearized ver-
sion of the time-dependent Gross-Pitaevskii equation.
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In this setion, we have diretly shown the equivalene,
in the low-density limit of the lattie ase, between the
low-energy eetive ation of the superuid order param-
eter ∆r ≡
√
ρr/2e
iΘr
and the ation of a Bose super-
uid. Our approah is not limited to the low-density
limit. Eq. (104), together with (99), holds for any density
and an be onsidered as a generalization of the Gross-
Pitaevskii equation to the lattie ase.
V. CONCLUDING REMARKS
In this paper, we have studied the 2D attrative Hub-
bard model using the mapping onto the half-lled repul-
sive model in a uniform magneti eld oupled to the
fermion spins. Our approah reprodues, in a unique
framework, a number of previously known results.
One of our main new results is the derivation of a
low-energy eetive ation S[ρ,Θ] whih is valid for all
values of doping x = 1 − ρ0 and interation strength
U . S[ρ,Θ] has been obtained by integrating out ampli-
tude utuations (|∆|) and therefore does not desribe
the full dynamis of the superonduting order parameter
∆r = |∆r|eiΘr . Nevertheless, it is similar to the ation of
a Bose superuid with order parameter Ψr =
√
ρr/2e
iΘr
where the mass of the bosons and their mutual inter-
ation depend on x and U . This ensures that a Fermi
superuid, as desribed by the 2D attrative Hubbard
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model, will behave similarly to a Bose superuid and ex-
hibit the same marosopi quantum phenomena. The ef-
fetive ation S[ρ,Θ] also desribes the smooth rossover
between the weak-oupling BCS limit and the Bose limit
of preformed (loal) pairs.
Another important result obtained by our approah is
a omplete desription of the phase diagram of the 2D
attrative Hubbard model. From the phase-only ation
S[Θ], we are able to extrat an eetive XY model and
in turn the BKT phase transition temperature TBKT.
We identify a RC regime of superonduting utua-
tions in the temperature range TBKT ≤ T ≤ TX and an
inoherent-pair regime (with no superonduting short-
range order) for TX ≤ T ≤ Tpair. The values obtained
for Tpair and TX are in good agreement with numerial
results (when available). Near half-lling, we nd that
TBKT is suppressed due to the strong q = (π, π) harge
utuations whih enlarge the symmetry of the order pa-
rameter to SO(3).
In the strong-oupling limit, the attrative Hubbard
model maps onto the Heisenberg model in a uniform eld.
The latter redues to the quantum XY model (exept
for a weak eld, i.e. in the low-density limit of the at-
trative model). In the low-density limit, we reover the
usual ation of a Bose superuid (inluding the terms
proportional to (∇ρr)
2
) and in turn the Gross-Pitaevskii
equation.
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APPENDIX A: HF CURRENT-CURRENT CORRELATION FUNCTION
In this appendix we alulate the HF urrent-urrent orrelation funtion
Πνν
′
µµ′(q˜, q˜
′) = 〈jνµ(q˜)jν
′
µ′ (−q˜′)〉c, (A1)
for q˜, q˜′ = 0,Q. The alulation is performed at nite temperature in the lassial limit: limq˜→0 ≡ limq→0 limων→0
and limq˜→Q ≡ limq→Q limων→0. jνµ(q˜) is the Fourier transformed eld of
jν0r = φ
†
rσ
νφr,
jνµr = −itφ†rσνφr+µˆ + c.c. (µ = x, y). (A2)
We have
jνµ(q˜) =
1√
βN
∑
k˜
vµ(k,q)φ
†
k˜
σνφk˜+q˜,
v0(k,q) = 1,
vµ6=0(k,q) = −it(ei(kµ+qµ) − e−ikµ). (A3)
k˜ = (k, iω) where ω = πT (2n+ 1) (n integer) is a fermioni Matsubara frequeny. In (A1), one must have q˜ = q˜′ or
q˜ = q˜′ +Q. The orrelation funtions of interest are
Πνν
′
µµ′ (0, 0) = −
1
βN
∑
k˜,σ1,σ2
[
vµ(k, 0)vµ′ (k, 0)σ
ν
σ1σ2σ
ν′
σ2σ1Gσ1(k˜)Gσ2 (k˜)
+vµ(k, 0)vµ′(k+Q, 0)σ
ν
σ1σ2σ
ν′
σ¯2σ¯1Fσ1(k˜)Fσ2 (k˜)
]
,
Πνν
′
µµ′(Q,Q) = −
1
βN
∑
k˜,σ1,σ2
[
vµ(k,Q)vµ′ (k+Q,−Q)σνσ1σ2σν
′
σ2σ1Gσ1(k˜)Gσ2 (k˜ +Q)
+vµ(k,Q)vµ′ (k,−Q)σνσ1σ2σν
′
σ¯2σ¯1Fσ1 (k˜)Fσ2 (k˜ +Q)
]
,
Πνν
′
µµ′(0,Q) = −
1
βN
∑
k˜,σ1,σ2
[
vµ(k, 0)vµ′ (k,−Q)σνσ1σ2σν
′
σ2σ¯1Fσ1 (k˜)Gσ2 (k˜)
+vµ(k, 0)vµ′(k+Q,−Q)σνσ1σ2σν
′
σ¯2σ1Gσ1 (k˜)Fσ2(k˜)
]
, (A4)
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where
vµ(k, 0) = δµ,0 + δµ6=02t sinkµ,
vµ(k+Q, 0) = γµvµ(k, 0),
vµ(k,Q) = δµ,0 + δµ6=02it coskµ,
vµ(k+Q,−Q) = γµvµ(k,Q), (A5)
and γµ = δµ,0 − δµ6=0. We use the notation δµ6=0 = 1 − δµ,0 and σ¯ = −σ. The HF propagators G and F are dened
in (16). We have
1
β
∑
ω
Gσ(k, iω)Gσ′ (k
′, iω) =
−1
2(E2kσ − E2k′σ′)
[
Tkσ
(
Ekσ +
ǫkσǫk′σ′
Ekσ
)
− Tk′σ′
(
Ek′σ′ +
ǫkσǫk′σ′
Ek′σ′
)]
,
1
β
∑
ω
Gσ(k, iω)Gσ′ (k
′ +Q, iω) =
−1
2(E2kσ − E2k′σ¯′)
[
Tkσ
(
Ekσ − ǫkσǫk′σ¯′
Ekσ
)
− Tk′σ¯′
(
Ek′σ¯′ − ǫkσǫk′σ¯′
Ek′σ¯′
)]
,
1
β
∑
ω
Fσ(k, iω)Fσ′ (k
′, iω) =
−∆HS0 2
2(E2kσ − E2k′σ′)
(
Tkσ
Ekσ
− Tk′σ′
Ek′σ′
)
,
1
β
∑
ω
Fσ(k, iω)Gσ′ (k
′, iω) =
∆HS0 ǫk′σ′
2(E2kσ − E2k′σ′)
(
Tkσ
Ekσ
− Tk′σ′
Ek′σ′
)
. (A6)
where Tkσ = tanh(βEkσ/2). Performing the sum over σ1, σ2 in (A4), we nd that the only non-vanishing orrelation
funtions are [using Πνν
′
µµ′(q˜, q˜
′) = Πν
′ν
µ′µ(q˜
′, q˜)℄
Πzzµµ(0, 0) =
1
2
∫
k
v2µ(k, 0)
[
Tk↑
E3k↑
∆HS0
2
(1 + γµ) +
Uk↑
E2k↑
(E2k↑ + ǫ
2
k↑ − γµ∆HS0
2
)
]
,
Πxxµµ(0, 0) =
∫
k
v2µ(k, 0)
E2k↑ − E2k↓
[
Tk↑
Ek↑
(E2k↑ + ǫk↑ǫk↓ + γµ∆
HS
0
2
)− Tk↓
Ek↓
(E2k↓ + ǫk↑ǫk↓ + γµ∆
HS
0
2
)
]
,
Πyyµµ(0, 0) =
∫
k
v2µ(k, 0)
E2k↑ − E2k↓
[
Tk↑
Ek↑
(E2k↑ + ǫk↑ǫk↓ − γµ∆HS0
2
)− Tk↓
Ek↓
(E2k↓ + ǫk↑ǫk↓ − γµ∆HS0
2
)
]
,
Πzzµµ′ (Q,Q) = δ¯µ,µ′
∫
k
vµ(k,Q)vµ′ (k,Q)
E2k↑ − E2k↓
[
Tk↑
Ek↑
(
γµ(E
2
k↑ − ǫk↑ǫk↓)−∆HS0
2
)
− Tk↓
Ek↓
(
γµ(E
2
k↓ − ǫk↑ǫk↓)−∆HS0
2
)]
,
Πxxµµ′ (Q,Q) = −δ¯µ,µ′γµ
1
2
∫
k
vµ(k,Q)vµ′(k,Q)
[
Tk↑
Ek↑
(
−2 + ∆
HS
0
2
E2k↑
(1 + γµ)
)
− Uk↑∆
HS
0
2
E2k↑
(1 + γµ)
]
,
Πyyµµ′ (Q,Q) = −δ¯µ,µ′γµ
1
2
∫
k
vµ(k,Q)vµ′(k,Q)
[
Tk↑
Ek↑
(
−2 + ∆
HS
0
2
E2k↑
(1− γµ)
)
− Uk↑∆
HS
0
2
E2k↑
(1− γµ)
]
,
Πxy0,µ6=0(Q,Q) = −
1
2
∫
k
ǫk
(
Tk↑
ǫ2k↑
E3k↑
+ Uk↑
∆HS0
2
E2k↑
)
,
Πxyµ6=0,0(Q,Q) =
h0
U
,
Πzx00 (0,Q) = ∆
HS
0
∫
k
ǫk↑
(
Tk↑
E3k↑
− Uk↑
E2k↑
)
,
Πzy0,µ6=0(0,Q) = −
∆HS0
2
∫
k
ǫkǫk↑
(
Tk↑
E3k↑
− Uk↑
E2k↑
)
,
Πxz00 (0,Q) = 2∆
HS
0 h
∫
k
1
E2k↑ − E2k↓
(
Tk↑
Ek↑
− Tk↓
Ek↓
)
,
Πyz0,µ6=0(0,Q) = −∆HS0
∫
k
ǫ2k
E2k↑ − E2k↓
(
Tk↑
Ek↑
− Tk↓
Ek↓
)
, (A7)
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where Ukσ = β/2 cosh
2
(
βEkσ
2
)
and δ¯µ,µ′ = δµ,0δµ′,0 + δµ6=0δµ′ 6=0. In order to obtain Eqs. (A7), we have used the
gap equations (22-23) and the symmetry relations ǫkσ = −ǫk+Qσ¯, Ekσ = Ek+Qσ¯, vµ6=0(k, 0) = −vµ6=0(−k, 0) =
−vµ6=0(k +Q, 0), et.
1. Strong-oupling limit U ≫ 4t (T = 0)
Expanding Eqs. (A7) to leading order in 1/U , we obtain (T = 0)
Πzz00(0, 0) =
2
U
sin2 θ0,
Πxx00 (Q,Q) =
2
U
cos2 θ0,∑
µ,µ′=x,y
Πyyµµ′ (Q,Q) = 2J cos
2 θ0,
Πxy0x(Q,Q) =
8t2
U2
cos θ0(2− 3 cos2 θ0),
Πzx00 (0,Q) = −
1
U
sin(2θ0),
Πzy0x(0,Q) = −
8t2
U2
sin θ0(1− 3 cos2 θ0). (A8)
Here we onsider only the orrelation funtions that are useful for the derivation of the eetive ation S[ρ,∆] and
the alulation of the veloity c of the phase olletive mode.
2. Correlation funtions for h0 = 0 and Ω
cl
r = (−1)rzˆ (T = 0)
In Se. III, we need the HF urrent-urrent orrelation funtion at half lling and for a magnetization parallel to
the z axis. They an be dedued from Eqs. (A7) with h0 = h = 0 and by making the rotation in spin spae xˆ → zˆ,
zˆ→ yˆ and yˆ→ xˆ. The only non-vanishing orrelation funtions are then (the notations are those of Se. III)
Πxx00 (0, 0) = Π
yy
00 (0, 0) = m
2
0
∫
k
1
E3k
,
Πzzxx(0, 0) = Π
zz
yy(0, 0) = 4t
2m20
∫
k
sin2 kx
E3k
,
Πxxµµ(Q,Q) = Π
yy
µµ(Q,Q) = −
∫
k
ǫ2k
2E3k
(δµ,0E
2
k − δµ6=0ǫ2k),
Πzzµµ(Q,Q) =
∫
k
ǫ2k
2E3k
(δµ6=0E
2
k − δµ,0ǫ2k),
Πyx0,µ6=0(0,Q) = −
m0
2
∫
k
ǫ2k
E3k
,
Πxy0,µ6=0(0,Q) =
m0
2
∫
k
ǫ2k
E3k
, (A9)
where Ek =
√
ǫ2k +m
2
0.
APPENDIX B: EFFECTIVE ACTION S[m,Ω]
In this appendix, we derive the eetive ation S[m,Ω] = S[p, q,m] [Eq. (34)℄ of spin utuations in the repulsive
Hubbard model.
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It is onvenient to express the rotation matrix Rr as Rr = M(Ωr)M
†(Ωclr ) where M(Ωr) is dened by
M(Ωr)σ
zM †(Ωr) = σ ·Ωr:
M(Ωr) =
(
cos
(
θr
2
)
e−
i
2ϕr − sin ( θr2 ) e− i2ϕr
sin
(
θr
2
)
e
i
2ϕr cos
(
θr
2
)
e
i
2ϕr
)
. (B1)
We then obtain
Ax0r = (−1)r
[(
i
2
q˙r + h0
)
sin(2pr)− sin θ0iδmHSr
]
,
Ay0r = −i(−1)rp˙r,
Az0r = −
(
i
2
q˙r + h0
)
cos(2pr) + h0 − cos θ0iδmHSr ,
A0r,r′ = cos
(
qr − qr′
2
)
cos (pr + pr′)− 1,
Axr,r′ = −i(−1)r sin
(
qr − qr′
2
)
sin (pr − pr′) ,
Ayr,r′ = i(−1)r cos
(
qr − qr′
2
)
sin (pr + pr′) ,
Azr,r′ = i sin
(
qr − qr′
2
)
cos (pr − pr′) . (B2)
Eqs. (B2) an be rewritten as
Ax0r = (−1)r
[
i
2
(prq˙r − p˙rqr) + 2h0pr − sin θ0iδmHSr
]
,
Ay0r = −i(−1)rp˙r,
Az0r = −
i
2
q˙r + 2h0p
2
r − cos θ0iδmHSr ,
A0r,r′ = −
(pr + pr′)
2
2
− (qr − qr′)
2
8
,
Axr,r′ = −
i
2
(−1)r(qr − qr′)(pr − pr′),
Ayr,r′ = i(−1)r(pr + pr′),
Azr,r′ =
i
2
(qr − qr′), (B3)
to quadrati order in pr, δm
HS
r , p˙r, q˙r and qr − qr′ .
Keeping terms up to seond-order in pr, δm
HS
r , δmr, p˙r, q˙r and qr− qr′ (r, r′ nearest neighbors), the eetive ation
is given by rst- and seond-order umulants of S1 and S2 with respet to the HF ation:
S[p, q,mHS,m] = 〈S1 + S2〉 − 1
2
〈(S1 + S2)2〉c +
∫ β
0
dτ
∑
r
(
−U
4
δm2r + iδm
HS
r δmr −
2
U
mHS0 δm
HS
r
)
. (B4)
Using
〈φ†rσ0φr〉 = 1,
〈φ†rσxφr〉 = (−1)r2∆0,
〈φ†rσyφr〉 = 0,
〈φ†rσzφr〉 = −x, (B5)
where the averages are taken with the HF ation, we obtain
〈S1〉 =
∫ β
0
dτ
∑
r
[
i∆0(prq˙r − p˙rqr) + 4∆0h0pr − 2∆0 sin θ0iδmHSr +
i
2
xq˙r − 2xh0p2r + x cos θ0iδmHSr
]
. (B6)
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Similarly, from (r, r′ are nearest neighbors)
〈φ†rσ0φr′〉 =
〈−K〉
4t
=
1
4t
∫
k
ǫkǫk↑
Ek↑
tanh
βEk↑
2
,
〈φ†rσxφr′〉 = 0,
〈φ†rσyφr′〉 = −i(−1)r
∆0h0
2t
,
〈φ†rσzφr′〉 = 0, (B7)
we dedue
〈S2〉 = 〈−K〉
4
∫ β
0
dτ
∑
〈r,r′〉
[
(pr + pr′)
2 +
(qr − qr′)2
4
]
− 4∆0h0
∫ β
0
dτ
∑
r
pr. (B8)
We have introdued the mean value 〈K〉 of the kineti energy per site in the HF state.
When alulating the seond-order umulant, it is suient to onsider A0r and Ar,r′ to linear order in pr, δm
HS
r ,
p˙r, q˙r, and qr − qr′ :
Ax0r = (−1)r(2h0pr − sin θ0iδmHSr ),
Ay0r = −i(−1)rp˙r,
Az0r = −
i
2
q˙r − cos θ0iδmHSr ,
A0r,r′ = 0,
Axr,r′ = 0,
Ayr,r′ = i(−1)r(pr + pr′),
Azr,r′ =
i
2
(qr − qr′). (B9)
In order to evaluate 〈(S1 + S2)2〉c, we write the ation S1 + S2 as
S1 + S2 =
∫ β
0
dτ
∑
r
µ=0,x,y
ν=x,y,z
Aν(tot)µr j
ν
µr, (B10)
Aν(tot)µr = δµ,0A
ν
0r − i(1− δµ,0)Aνµr, (B11)
where Aνµr = A
ν
r,r+µˆ for µ = x, y. The spin-density urrent j
ν
µr is dened by (A2). We then have
〈(S1 + S2)2〉c =
∫ β
0
dτdτ ′
∑
r,r′
µ,µ′=0,x,y
ν,ν′=x,y,z
Aν(tot)µr (τ)Π
νν′
µµ′ (r, τ ; r
′, τ ′)A
ν′(tot)
µ′r′ (τ
′), (B12)
where
Πνν
′
µµ′(r, τ ; r
′, τ ′) = 〈jνµr(τ)jν
′
µ′r′(τ
′)〉c (B13)
is the HF urrent-urrent orrelation funtion. Πνν
′
µµ′ is alulated in Appendix A.
In order to alulate the seond-order umulant, we write the ations S1 and S2 [Eqs. (32)℄ as
S1 =
∫ β
0
dτ
∑
r
ν=x,y,z
Aν0rj
ν
0r,
S2 = −i
∫ β
0
dτ
∑
r
µ=x,y
ν=x,y,z
Aνµrj
ν
µr, (B14)
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where Aνµr = A
ν
r,r+µˆ for µ = x, y. A
ν
0r and A
ν
µr are given by Eqs. (B9). The spin-density urrent j
ν
µr is dened in
(A2). In Fourier spae, we obtain
Aν0(q˜) = z0(q˜)
[
δν,ypq˜+Q + δν,z
qq˜
2
]
+ δν,x[2h0pq˜+Q − sin θ0iδmHSq˜+Q]− δν,z cos θ0iδmHSq˜ ,
−iAνµ(q˜) = zµ(q˜)
[
δν,ypq˜+Q + δν,z
qq˜
2
]
(µ = x, y), (B15)
where
z0(q˜) = −ων ,
zµ=x,y(q˜) = 1− eiqµ . (B16)
We dedue
〈(S1 + S2)2〉c =
∑
q˜,q˜′
{ ∑
µ,µ′=0,x,y
[
zµ(−q˜ −Q)zµ′(q˜′ +Q)p−q˜pq˜′Πyyµµ′ (q˜ +Q, q˜′ +Q) +
1
4
zµ(−q˜)zµ′(q˜′)q−q˜qq˜′Πzzµµ′(q˜, q˜′)
+
1
2
zµ(−q˜ −Q)zµ′(q˜′)p−q˜qq˜′Πyzµµ′(q˜ +Q, q˜′) +
1
2
zµ(−q˜)zµ′(q˜′ +Q)q−q˜pq˜′Πzyµµ′ (q˜, q˜′ +Q)
]
+
∑
µ=0,x,y
[
zµ(q˜
′ +Q)r−q˜pq˜′Π
xy
0µ(q˜ +Q, q˜
′ +Q) +
1
2
zµ(q˜
′)r−q˜qq˜′Π
xz
0µ(q˜ +Q, q˜
′)
+zµ(−q˜ −Q)p−q˜rq˜′Πyxµ0(q˜ +Q, q˜′ +Q) +
1
2
zµ(−q˜)q−q˜rq˜′Πzxµ0(q˜, q˜′ +Q)
− cos θ0
(
zµ(q˜
′ +Q)iδmHS−q˜pq˜′Π
zy
0µ(q˜, q˜
′ +Q) +
1
2
zµ(q˜
′)iδmHS−q˜qq˜′Π
zz
0µ(q˜, q˜
′)
+zµ(−q˜ −Q)p−q˜iδmHSq˜′ Πyzµ0(q˜ +Q, q˜′) +
1
2
zµ(−q˜)q−q˜iδmHSq˜′ Πzzµ0(q˜, q˜′)
)]
+r−q˜rq˜′Π
xx
00 (q˜ +Q, q˜
′ +Q)− cos2 θ0δmHS−q˜δmHSq˜′ Πzz00(q˜, q˜′)
− cos θ0
[
r−q˜iδm
HS
q˜′ Π
xz
00 (q˜ +Q, q˜
′) + iδmHS−q˜rq˜′Π
zx
00 (q˜, q˜
′ +Q)
]}
, (B17)
where rq˜ = 2h0pq˜ − sin θ0iδmHSq˜ . To proeed further, we use the expression of the orrelation funtion Πνν
′
µµ′(q˜, q˜
′)
obtained in Appendix A. We thus have q˜ = q˜′ in (B17). In order to obtain the eetive ation of the q eld to
lowest order in ∂µq, it is suient to retain the rst-order derivative terms ∂µq. Sine zµ(q˜) = O(∂µ), one an use
z0(q˜) = −ων, zµ6=0(q˜) = −iqµ, z0(q˜ + Q) = 0, zµ6=0(q˜ + Q) = 2, and evaluate the orrelation funtions Πνν′µµ′ at
q˜ = q˜′ = 0 in (B17). This gives
〈(S1 + S2)2〉c =
∑
q˜
{
p−q˜pq˜
(
4
∑
µ,µ′ 6=0
Πyyµµ′(Q,Q) + 4h
2
0Π
xx
00 (Q,Q) + 16h0Π
xy
0x(Q,Q)
)
+q−q˜qq˜
(
−ω
2
ν
4
Πzz00(0, 0) +
q2
4
Πzzxx(0, 0)
)
,
−δmHS−q˜δmHSq˜
(
sin2 θ0Π
xx
00 (Q,Q) + cos
2 θ0Π
zz
00(0, 0) + sin(2θ0)Π
zx
00 (0,Q)
)
− [p−q˜qq˜ων (2Πzy0x(0,Q) + h0Πzx00 (0,Q))− c.c.]
−i
[
p−q˜δm
HS
q˜
(
2h0 sin θ0Π
xx
00 (Q,Q) + 4 sin θ0Π
xy
0x(Q,Q)
+4 cos θ0Π
zy
0x(0,Q) + 2h0 cos θ0Π
zx
00 (0,Q)
)
+ c.c.
]
−i
[
q−q˜δm
HS
q˜
ων
2
(sin θ0Π
zx
00 (0,Q) + cos θ0Π
zz
00(0, 0))− c.c.
]}
. (B18)
A omment is in order here. The rst-order umulant (B6) gives a term linear in qr:
δSB =
i
2
x
∫ β
0
dτ
∑
r
q˙r. (B19)
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This term omes from the Berry phase term SB =
∫ β
0 dτ
∑
r〈φ†rR†rR˙rφr〉. The SU(2) matrix Rr is dened up to
the U(1) gauge transformation Rr → Rre− i2ψrσ·Ωclr . The Berry phase term depends on the gauge hoie.38 The
gauge-dependent term is given by
− i
2
∫ β
0
dτ
∑
r
〈φ†rσ ·Ωclr φr〉ψ˙r = −
i
2
m0
∫ β
0
dτ
∑
r
ψ˙r. (B20)
In the following we take ψr = ϕr/m0. As shown in Se. II C, this hoie ensures that in the attrative model, half
the fermion density is identied as the onjugate variable of the phase Θ of the superonduting order parameter, as
required by gauge invariane.
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Inluding the gauge-dependent term of SB [Eq. (B20)℄ in δSB, we obtain
δSB = − i
2
ρ0
∫ β
0
dτ
∑
r
q˙r. (B21)
From Eqs. (B6,B8,B18,B21), we then obtain
S[p, q,mHS,m] =
1
2
∑
q˜
[
p−q˜Πpp(q˜)pq˜ + q−q˜Πqq(q˜)qq˜ + δm
HS
−q˜ΠmHSmHS(q˜)δm
HS
q˜ + 2p−q˜Πpq(q˜)qq˜
+2p−q˜ΠpmHS(q˜)δm
HS
q˜ + 2q−q˜ΠqmHS(q˜)δm
HS
q˜ + 2iδm−q˜δm
HS
q˜ −
U
2
δm−q˜δmq˜
]
+ δSB, (B22)
where
Πpp(q˜) = −4
∑
µ,µ′ 6=0
Πyyµµ′ (Q,Q)− 4h20Πxx00 (Q,Q)− 16h0Πxy0x(Q,Q)− 4xh0 + 4〈−K〉,
Πqq(q˜) =
ω2ν
4
Πzz00(0, 0) +
q2
8
〈−K〉,
ΠmHSmHS(q˜) = sin
2 θ0Π
xx
00 (Q,Q) + cos
2 θ0Π
zz
00(0, 0) + sin(2θ0)Π
zx
00 (0,Q),
Πpq(q˜) = ων [2Π
zy
0x(0,Q) + h0Π
zx
00 (0,Q) + 2∆0] ,
ΠpmHS(q˜) = 2i
[
h0 sin θ0Π
xx
00 (Q,Q) + 2 sin θ0Π
xy
0x(Q,Q) + 2 cos θ0Π
zy
0x(0,Q) + h0 cos θ0Π
zx
00 (0,Q)
]
,
ΠqmHS(q˜) =
i
2
ων [sin θ0Π
zx
00 (0,Q) + cos θ0Π
zz
00(0, 0)] . (B23)
pq˜, qq˜, δm
HS
q˜ and δmq˜ are the Fourier transformed elds of pr, qr, δm
HS
r and δmr. q˜ = (q, iων) where ων = ν2πT
(ν integer) is a bosoni Matsubara frequeny. Eqs. (B23) are valid in the hydrodynami regime (q˜ → 0). They are
suient to obtain the eetive ation of the AF eld q to order O(∂2µ).
Integrating out the Hubbard-Stratonovih eld mHS, we obtain Eq. (34) with
Π˜pp = Πpp − ΠpmHSΠmHSp
ΠmHSmHS
,
Π˜qq = Πqq − ΠqmHSΠmHSq
ΠmHSmHS
,
Π˜mm =
1
ΠmHSmHS
− U
2
,
Π˜pq = Πpq − ΠpmHSΠmHSq
ΠmHSmHS
,
Π˜pm = −i ΠpmHS
ΠmHSmHS
,
Π˜qm = −i ΠqmHS
ΠmHSmHS
. (B24)
The ation S[p, q,m] takes a very simple form in the weak-oupling (Slater) and strong-oupling (Mott-Heisenberg)
limits.
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1. Slater limit
We assume that we are not too lose to half-lling so that the zero-temperature order parameter ∆HS0 is given by
(26). Sine ∆HS0 is exponentially small at weak oupling, θ0 ≃ π and imHS0 ≃ xU/2 [see Eqs. (15,21)℄. We also have
Πzx00 (0,Q) = ∆
HS
0
∫
k
ǫk↑
E3k↑
≃ ∆HS0 N0(ǫF )
∫ 4t
−4t
dǫ
ǫ− ǫF
[(ǫ− ǫF )2 +∆HS0 2]3/2
≃ 0. (B25)
Sine the integral in (B25) is peaked around ǫ = ǫF for ∆
HS
0 → 0, we have replaed the density of states N0(ǫ) by its
value at the Fermi energy ǫF [see the disussion after Eq. (25)℄. For the same reason, we an extend the integration
range to ] −∞,∞[, so that the integral vanishes. This result is a onsequene of the partile-hole symmetry whih
holds in the weak-oupling (BCS) limit of the attrative model. Similarly, we nd Πzy0x(0,Q) ≃ 0. We therefore have
Πqq =
Πzz00(0, 0)
4
ω2ν +
〈−K〉
8
q2,
ΠmHSmHS = Π
zz
00(0, 0),
Πpq(q˜) = 2ων∆0 ≃ 0,
ΠpmHS(q˜) = 0,
ΠqmHS(q˜) = −
i
2
Πzz00(0, 0)ων . (B26)
Using Eqs. (B24), we dedue
Π˜qq =
〈−K〉
8
q2,
Π˜mm =
1
Πzz00(0, 0)
− U
2
,
Π˜qm = −ων
2
(B27)
and Π˜pq = Π˜pm = 0. p utuations do not ouple to q and m utuations. We therefore obtain the eetive ation
S[q,m] =
1
2
∫ β
0
dτ
∫
d2r
[
iδmrq˙r +
〈−K〉
8
(∇qr)
2
+
(
1
Πzz00(0, 0)
− U
2
)
δm2r
]
+ δSB, (B28)
where we have taken the ontinuum limit in real spae.
2. Mott-Heisenberg limit
In the strong-oupling limit, there are well-dened loal moments with a xed amplitude so that we an ignore
the utuations of mHS and m. Low-energy utuations orrespond to diretion utuations of these loal moments.
This an be seen expliitly by integrating out the m eld in the ation S[p, q,mHS,m] [Eq. (B22)℄. This yields the
replaement
ΠmHSmHS → Π′mHSmHS = ΠmHSmHS −
2
U
. (B29)
To leading order in 1/U , we have [see Eqs. (A8) in Appendix A℄
Π′mHSmHS(q˜) = −
2
U
,
ΠpmHS = O
(
t2
U2
)
,
ΠqmHS = O
(
ωνt
U2
)
. (B30)
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Integrating out mHS yields the orretion terms
− ΠpmHSΠmHSp
Π′mHSmHS
= O
(
t4
U3
)
,
−ΠqmHSΠmHSq
Π′
mHSmHS
= O
(
ω2νt
2
U3
)
,
−ΠpmHSΠmHSq
Π′mHSmHS
= O
(
ωνt
3
U3
)
,
(B31)
to Πpp, Πqq and Πpq, respetively. These terms an be ignored in the limit U ≫ 4t.
Using Eqs. (A8) of Appendix A 1, we therefore have
Πpp(q˜) = 8J sin
2 θ0,
Πqq(q˜) = q
2 J
4
sin2 θ0,
Πpq(q˜) = ων sin θ0, (B32)
and ΠpmHS = ΠqmHS ≃ 0. Using then Π˜ = Π [Eqs. (B24)℄, we obtain the eetive ation
S[p, q] =
1
2
∫ β
0
dτ
∫
d2r
[
2i
√
1− x2prq˙r
+
J
4
(1 − x2)(∇qr)2 + 8J(1− x2)p2r
]
+ δSB.
(B33)
APPENDIX C: KINETIC ENERGY IN THE HF STATE (T = 0)
In this Appendix, we derive Eq. (56). We start from
∇k ·
(
ǫk↑
Ek↑
vk
)
=
ǫk↑
Ek↑
∇k · vk +∇k
(
ǫk↑
Ek↑
)
· vk
= − ǫk↑ǫk
Ek↑
+
∆HS0
2
E3k↑
v2k. (C1)
where vk =∇kǫk. Integrating the left hand side of this equation over the entire Brillouin zone, we obtain∫
k
∇k ·
(
ǫk↑
Ek↑
vk
)
=
∮
ǫk↑
Ek↑
vk · dlk = 0, (C2)
where the ontour in the last integral is given by the Brillouin zone (BZ) boundary and dlk is perpendiular to the
ontour. The integral vanishes sine vk · dlk = 0 at the BZ boundary. We dedue from (C1-C2)
〈−K〉T=0 =
∫
k
ǫk↑ǫk
Ek↑
= ∆HS0
2
∫
k
v2k
E3k↑
. (C3)
In the weak-oupling limit, using ∆HS0
2
/E3k↑ ≡ 2δ(ǫk − ǫF ), we obtain (56).
APPENDIX D: CHARGE (ρr) AND PAIRING (∆r) FIELDS
In the setion, we relate the harge (ρr) and pairing (∆r) utuations of the attrative model to the elds p, q and
δm dened in the repulsive model. We rewrite SJ [Eq. (35)℄ as
SJ =
∫ β
0
dτ
∑
r
φ†rB0rφr, (D1)
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where B0r = R
†
rJr · σRr =
∑
ν=x,y,z B
ν
0rσ
ν
and
Bx0r = (−1)r cos(θr − θ0)
[
cosϕrJ
x
r + sinϕrJ
y
r
]− (−1)r sin(θr − θ0)Jzr ,
By0r = −(−1)r sinϕrJxr + (−1)r cosϕrJyr ,
Bz0r = sin(θr − θ0)
[
cosϕrJ
x
r + sinϕrJ
y
r
]
+ cos(θr − θ0)Jzr . (D2)
To rst order in J and seond-order in p, δmHS, δm, the eetive ation is given by 〈S1+S2+SJ〉− 12 〈(S1+S2+SJ)2〉c.
The rst-order umulant gives the soure-dependent ontribution
S
(1)
J =
∫ β
0
dτ
∑
r
[2∆0(−1)rBx0r − xBz0r] . (D3)
From the seond-order umulant, we obtain to linear order in the soure
S
(2)
J = −
∫ β
0
dτdτ ′
∑
r,r′
ν,ν′=x,y,z
µ′=0,x,y
Bν0r(τ)Π
νν′
0µ′ (r, τ ; r
′, τ ′)A
ν(tot)
µ′r′ (τ
′)
= −
∫ β
0
dτ
∑
r
{
(−1)rBx0r
[
4Πxy0x(Q,Q)pr +Π
xx
00 (Q,Q)(2h0pr − sin θ0iδmHSr ) + Πzx00 (0,Q)
(
− i
2
q˙r − cos θ0iδmHSr
)]
+Bz0r
[
4Πzy0x(0,Q)pr +Π
zx
00 (0,Q)(2h0pr − sin θ0iδmHSr ) + Πzz00(0, 0)
(
− i
2
q˙r − cos θ0iδmHSr
)]}
, (D4)
where the last expression is valid in the hydrodynami regime. A
ν(tot)
µ is dened in (B11). In the presene of the
soure J, the eetive ation S[p, q,mHS,m] [Eq. (B22)℄ should be supplemented with S
(1)
J + S
(2)
J . The integration of
the mHS eld then leads to the soure-dependent ation S
(1)
J + S
(2)′
J + S
(3)
J where S
(2)′
J = S
(2)
J |δmHS=0 and
S
(3)
J = −
i
ΠmHSmHS
∫ β
0
dτ
∑
r
{
(−1)rBx0r
[
sin θ0Π
xx
00 (Q,Q) + cos θ0Π
zx
00 (0,Q)
]
+Bz0r
[
sin θ0Π
zx
00 (0,Q) + cos θ0Π
zz
00(0, 0)
]}
(ΠmHSppr +Π
r
mHSqiq˙r + iδmr). (D5)
We have introdued ΠrmHSq = ΠmHSq/ων. In Eq. (D5), the orrelation funtions ΠmHSmHS ,ΠmHSp,Π
r
mHSq are evaluated
at q˜ = 0. Taking the funtional derivative of S
(1)
J + S
(2)′
J + S
(3)
J with respet to J, we nally obtain
δρr = pr [−4∆0 − 2h0Πzx00 (0,Q)− 4Πzy0x(0,Q)] + Πzz00(0, 0)
i
2
q˙r
− i
ΠmHSmHS
[sin θ0Π
zx
00 (0,Q) + cos θ0Π
zz
00(0, 0)] (ΠmHSppr +Π
r
mHSqiq˙r + iδmr),
δ|∆r| = pr [−x− h0Πxx00 (Q,Q)− 2Πxy0x(Q,Q)] + Πzx00 (0,Q)
i
4
q˙r
− i
2ΠmHSmHS
[sin θ0Π
xx
00 (Q,Q) + cos θ0Π
zx
00 (0,Q)] (ΠmHSppr +Π
r
mHSqiq˙r + iδmr),
Θr = −qr. (D6)
1. Strong-oupling limit
In the strong-oupling limit, we an obtain a simple relation between ρr,∆r and mrΩr. In Se. IV, we show that
the Hubbard model redues to the Heisenberg model when U ≫ 4t. We an arry out the same derivation in the
presene of the soure term (D1). Integrating out the fermions, we obtain the soure-dependent term
SJ =
∫ β
0
dτ
∑
r
〈φ†rR†rJr · σRrφr〉at (D7)
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to leading order in 1/U . The average in (D7) is taken with respet to the atomi ation (86). The matrix Rr satises
Rrσ
zR†r = σ ·Ωr (see Se. IVA). Using 〈φ†rσνφr〉at = δν,z and R†rJr · σRr = σ · R−1r Jr, where
Rr =

 cos θr cosϕr − sinϕr sin θr cosϕrcos θr sinϕr cosϕr sin θr sinϕr
− sin θr 0 cos θr


(D8)
is the SO(3) rotation matrix whih maps zˆ onto Ωr, we obtain
SJ =
∫ β
0
dτ
∑
r
Jr ·Ωr. (D9)
From Eqs. (36) we then dedue
ρr − 1 = Ωzr ,
∆r =
(−1)r
2
Ω−r , (D10)
where Ω±r = Ω
x
r ± iΩyr .
APPENDIX E: HF CUMULANTS 〈Sp + Sh0 + Sδm〉 AND 〈(Sh0 + Sδm)2 + 2(Sh0 + Sδm)(Sp + Sl)〉c
In this appendix, we alulate 〈Sp + Sh0 + Sδm〉 and 〈(Sh0 + Sδm)2 + 2(Sh0 + Sδm)(Sp + Sl)〉c (Se. III). The
rst-order umulants read
〈Sp〉 = −
∫ β
0
dτ
∑
r
Az0r〈jz0r〉
= −im0
U
∫ β
0
dτ
∑
r
(−1)r(ϕ˙r cos θr + ψ˙r),
〈Sh0〉 = −h0
∫ β
0
dτ
∑
r
Bz0r〈jz0r〉
= −2h0m0
U
∫ β
0
dτ
∑
r
(−1)rnzr , (E1)
and
〈Sδm〉 = −
∫ β
0
dτ
∑
r
(−1)rδmr〈jz0r〉
= −2m0
U
∫ β
0
dτ
∑
r
δmr, (E2)
where we have used nzr = cos θr and the saddle-point equation 2m0/U = (−1)r〈c†rσzcr〉. Sine nr is slowly varying,
〈Sh0〉 vanishes. From (E2,69), we onlude that there is no linear ontribution in δm.
Let us now onsider the seond-order umulant
〈Sh0Sδm〉 = h0
∫ β
0
dτdτ ′
∑
r,r′
ν=x,y,z
Bν0r(τ)Π
νz
00 (r, τ ; r
′, τ ′)(−1)r′δmr′
= h0
∑
q˜,q˜′
ν=x,y,z
Bν0 (−q˜)Πνz00 (q˜, q˜′)δmq˜′+Q. (E3)
Πνν
′
µµ′ is the HF urrent-urrent orrelation funtion for h0 = 0 and an AF order parallel to the z axis (i.e. Ω
cl
r =
(−1)rzˆ). It is given in Appendix A 2. Sine Bν0r is slowly varying, we an evaluate Πνν
′
µµ′ (q˜, q˜
′) at q˜ = 0 in order to
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obtain the result to seond order in h0, ∂µ and δm. Sine Π
νz
00 (q˜ = 0, q˜
′) = 0 (Appendix A 2), 〈Sh0Sδm〉 vanishes. A
similar alulation shows that 〈SpSδm〉 = 〈SlSδm〉 = 0. We therefore onlude that amplitude utuations deouple
in the limit of a weak magneti eld.
The ontribution due to S2h0 is given by
〈S2h0〉 = h20
∫ β
0
dτdτ ′
∑
r,r′
ν,ν′=x,y,z
Bν0r(τ)Π
νν′
00 (r, τ ; r
′, τ ′)Bν
′
0r′(τ
′)
= h20
∑
q˜,q˜′
ν,ν′=x,y,z
Bν0 (−q˜)Πνν
′
00 (q˜, q˜
′)Bν
′
0 (q˜
′). (E4)
Sine Bν0r is slowly varying, we an evaluate Π
νν′
00 (q˜, q˜
′) at q˜ = q˜′ = 0:
〈S2h0〉 = h20Πxx00
∫ β
0
dτ
∑
r
sin2 θr. (E5)
Here and in the following, we use the notation Πνν
′
00 ≡ Πνν
′
00 (q˜ = 0, q˜
′ = 0). We have used Πνν
′
00 ∝ δν,ν′(δν,x + δν,y). A
similar alulation gives
〈Sh0Sp〉 = h0Πxx00
∫ β
0
dτ
∑
r
i
2
sin2 θrϕ˙r,
〈Sh0Sl〉 = h0m0Πxx00
∫ β
0
dτ
∑
r
sin θr(− cosψrlxr + sinψrlyr ). (E6)
To express 〈S2h0〉, 〈Sh0Sp〉 and 〈Sh0Sl〉 in terms of n and l, we use
(h0 × nr)2 = h20 sin2 θr,
h0 · (nr × n˙r) = h20ϕ˙r sin2 θr,
Lzr = sin θr(− cosψrlxr + sinψrlyr ). (E7)
The last result follows from Lr = Rrlr and lzr = 0, where Rr is given by
Rr =

 cos θr cosϕr cosψr − sinϕr sinψr − cos θr cosϕr sinψr − sinϕr cosψr sin θr cosϕrcos θr sinϕr cosψr + cosϕr sinψr − cos θr sinϕr sinψr + cosϕr cosψr sin θr sinϕr
− sin θr cosψr sin θr sinψr cos θr

 . (E8)
We therefore obtain
〈S2h0〉 = Πxx00
∫ β
0
dτ
∑
r
(h0 × nr)2,
〈Sh0Sp〉 =
i
2
Πxx00
∫ β
0
dτ
∑
r
h0 · (nr × n˙r),
〈Sh0Sl〉 = m0Πxx00
∫ β
0
dτ
∑
r
h0 · Lr. (E9)
1
For a review on phase utuations in 2D superondutors,
see V.M. Loktev, R.M. Quik, and S.G. Sharapov, Phys.
Rep. 349, 1 (2001).
2
See also V.J. Emery and S.A. Kivelson, Nature 374, 434
(1995).
3
For a review on the BCS-Bose rossover in Fermi superu-
ids, see M. Randeria in Bose-Einstein ondensation, edited
by A. Grin, D.W. Snoke, and S. Strinagari (Cambridge
32
University Press, 1995).
4
For earlier works on the BCS-Bose rossover in Fermi su-
peruids, see D.M. Eagles, Phys. Rev. 186, 456 (1969);
A.J. Leggett inModern Trends in the Theory of Condensed
Matter, edited by A. Peralski and J. Przystawa (Springer-
Verlag, Berlin, 1980); P. Nozières and S. Shmitt-Rink, J.
Low Temp. Phys. 59, 195 (1985).
5
See, for instane, M. Greiner, C.A. Regal, and D.S. Jin,
Nature 426, 437 (2003); M.W. Zwierlein, C.A. Stan, C.H.
Shunk, S.M.F. Raupah, S. Gupta, Z. Hadzibabi, and W.
Ketterle, Phys. Rev. Lett. 91, 250401 (2003); S. Joahim,
M. Bartenstein, A. Altmeyer. S. Riedl, C. Chin, J.H. Den-
shlag, and R. Grimm, Siene 302, 2102 (2003); C.A. Re-
gal, M. Greiner, and D.S. Jin, Phys. Rev. Lett. 92, 040403
(2004); J. Kinast, S.L. Hemmer, M.E. Gehm, A. Turpalov,
and J.E. Thomas, Phys. Rev. Lett. 92, 150402 (2004); T.
Bourdel, L. Khaykovih, J. Cubizolles, J. Zhang, F. Chevy,
M. Teihmann, L. Tarruel, S.J.J.M.F Kokkelmans, and C.
Salomon, ond-mat/0403091.
6
R.P. Feynman, Statistial Mehanis (Benjamin, 1972).
7
P. Ao, D.J. Thouless, and X.M. Zhu, Mod. Phys. Lett. B
9, 755 (1995).
8
E.P. Gross, Nuovo Cimento 20, 454 (1961).
9
L.P. Pitaevskii, Sov. Phys. JETP 12, 155 (1961).
10
M. Stone, Int. J. Mod. Phys. B 9, 1359 (1995).
11
I.J.R Aithison, P. Ao, D.J. Thouless, and X.M. Zhu, Phys.
Rev. B 51, 6531 (1995).
12
S. De Palo, C. Castellani, C. Di Castro, and B.K.
Chakraverty, Phys. Rev. B 60, 564 (1999).
13
M. Drehsler and W. Zwerger, Ann. Physik 1, 15 (1992).
14
C. A. R. Sá de Melo, M. Randeria, and J. R. Engelbreht,
Phys. Rev. Lett. 71, 3202 (1993); J. R. Engelbreht, M.
Randeria, and C. A. R. Sá de Melo, Phys. Rev. B 55,
15153 (1997).
15
F. Pistolesi and G.C. Strinati, Phys. Rev. B 53, 15168
(1996).
16
S. Stintzing andW. Zwerger, Phys. Rev. B 56, 9004 (1997).
17
E. Babaev and H. Kleinert, Phys. Rev. B 59, 12083 (1999).
18
L. Benfatto, A. Toshi, and S. Caprara, Phys. Rev. B 69,
184510 (2004).
19
V.L. Berezinskii, Zh. Eksp. Teor. Fiz. 59, 907 (1970).
20
J. Kosterlitz and D. Thouless, J. Phys. C 6, 1181 (1973).
21
R.T. Salettar, E.Y. Loh, J.E. Gubernatis, A. Moreo, S.R.
White, D.J. Salapino, R.L. Sugar, and E. Dagotto, Phys.
Rev. Lett. 62, 1407 (1989).
22
A. Moreo and D.J. Salapino, Phys. Rev. Lett. 66, 946
(1991).
23
K. Borejsza and N. Dupuis, EuroPhys. Lett. 63, 722
(2003).
24
K. Borejsza and N. Dupuis, Phys. Rev. B 69, 085119
(2004).
25
N.D. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133
(1966).
26
R. Minas, J. Ranninger, and S. Robaszkiewiz, Rev. Mod.
Phys. 62, 113 (1990).
27
Z.Y. Weng, C.S Ting and T.K. Lee, Phys. Rev. B 43, 3790
(1991).
28
See also H.J. Shulz in The Hubbard Model, edited by D.
Baeriswyl (Plenum, New York, 1995).
29
This proedure bears some analogies with the one used in
Ref. 12.
30
P.W. Anderson, Phys. Rev. 112, 1900 (1958).
31
N.N. Bogoliubov, JETP 34, 41 (1958); 34, 51 (1958);
32
I.J.R. Aithison, G. Metikas, and D.J. Lee, Phys. Rev. B
62, 6638 (2000).
33
S.G. Sharapov, H. Bek, and V.M. Loktev, Phys. Rev. B
64, 134519 (2001).
34
Eletromagneti gauge invariane implies that the time
omponent Ael0 of the eletromagneti vetor potential en-
ters the eetive ation S[ρ,Θ] in the ovariant deriva-
tive term (iΘ˙r − 2eAel0r), where e is the fermion harge.
Sine eρr = −δS/δAel0r, the ation must ontain the term∫ β
0
dτ
∫
d2r ρr
2
(iΘ˙r − 2eAel0r), whih identies ρr/2 as the
onjugate variable of Θr.
35
It seems easier to determine the oeients Πρρ, Π|∆||∆|
and Πρ|∆| by working diretly in the attrative Hubbard
model and introduing Hubbard-Stratonovih elds both
in the partile-partile and partile-hole hannels as done
in Ref. 12. This approah, however, suers from the di-
ulties mentioned after Eqs. (7) in Se. II.
36
See, for instane, N. Nagaosa, Quantum Field Theory in
Condensed Matter Physis (Springer, 1999).
37
Here we use Πxx00 (Q,Q) ≃ −(2/h)Πxy0x(Q,Q) ≃
−(2/h0)Πxy0x(Q,Q) in the weak-oupling limit.
38
A. Auerbah, Interating Eletrons and Quantum Mag-
netism (Springer-Verlag, New York, 1994).
39
For a derivation of the Magnus fore ating on a vortex in
a fermion superuid, based on a Berry phase term alu-
lation , see P. Ao and D.J. Thouless, Phys. Rev. Lett. 70,
2158 (1993).
40
L. Belkhir and M. Randeria, Phys. Rev. B 45, 5087 (1992).
41
L. Belkhir and M. Randeria, Phys. Rev. B 49, 6829 (1994).
42
T. Kostyrko and R. Minas, Phys. Rev. B 46, 11025 (1992).
43
P.J.H. Denteneer, G. An, and J.M.J. van Leeuwen, Euro-
Phys. Lett. 16, 5 (1991).
44
P.J.H. Denteneer, G. An, and J.M.J. van Leeuwen, Phys.
Rev. B 47, 6256 (1993).
45
J.M. Singer, T. Shneider, and M.H. Pedersen, Eur. Phys.
J. B 2, 17 (1998).
46
J.J. Viente Alvarez and C.A. Balseiro, Solid State Com.
98, 313 (1996).
47
A. Paramekanti, M. Randeria, T.V. Ramakrishnan, and
S.S. Mandal, Phys. Rev. B 62, 6786 (2000).
48
J. Tobohnik and G.V. Chester, Phys. Rev. B 20, 3761
(1979).
49
J.F. Fernandez, M.F. Ferreira, and J. Stankiewiz, Phys.
Rev. B 34, 292 (1986).
50
R. Gupta, J. DeLapp, G.G. Batrouni, G.C. Fox, C.F. Bail-
lie, and J. Apostolakis, Phys. Rev. Lett. 61, 1996 (1988).
51
B. Kyung, S. Allen, and A.M.-S. Tremblay, Phys. Rev. B
64, 075116 (2001).
52
Y.M. Vilk and A.-M.S. Tremblay, J. Phys. I (Frane) 7,
1309 (1997).
53
J.M. Singer, T. Shneider, and P.F. Meier, Eur. Phys. J.
B 7, 37 (1999).
54
S. Allen, H. Touhette, S. Moukouri, Y.M. Vilk, and A.M.-
S. Tremblay, Phys. Rev. Lett. 83, 4128 (1999).
55
V.P. Gusynin, V.M. Loktev, and S.G. Sharapov, JETP 90,
993 (2000).
56
V.P. Gusynin, V.M. Loktev, R.M. Quik, and S.G. Shara-
pov, Physia C 370, 239 (2002).
57
Note that the (self-onsistent) T -matrix approximation
fails to reprodue the pseudogap in the spetral funtion
A(k, ω). For a ritial disussion and referenes see Ref. 51.
58
S. Sahdev, Z. Physik B 94, 469 (1994).
59
S. Sahdev, Quantum Phase Transitions (Cambridge Uni-
versity, Cambridge, England, 1999).
33
60
Note that the m eld in Se. III plays the role of the mHS
eld introdued in Se. II. See the disussion after Eq. (10).
61
F.D.M. Haldane, Phys. Lett. 93A, 464 (1983).
62
Note that in Ref. 24, the ontribution Sδm due to ampli-
tude utuations was not onsidered. It is well known that
for h0 = 0, amplitude and diretion utuations deouple
in the long wavelength limit, as follows from 〈SpSδm〉 = 0
and 〈SlSδm〉 = 0 (Appendix E).
63
It is instrutive to write the ferromagneti magnetization
in the general ase as a funtion of nr and Lr using the
ation (74): 〈c†rσzcr〉 = (Nβ)−1∂h0 lnZ = Πxx00 [m0〈Lzr〉 +
i
2
〈zˆ · (nr × n˙r)〉 + h0〈(zˆ × nr)2〉]. In the strong-oupling
limit, m0 = U/2 and Π
xx
00 = 2/U so that 〈c†rσzcr〉 = 〈Lzr〉
to leading order in 1/U , whih is the result obtained in
the Heisenberg model.
59
In the weak-oupling limit, m0 ∼
te−2pi
√
t/U
and Πxx00 ∼ t−1(t/U)1/2. The main ontribution
to 〈c†rσzcr〉 omes from the last two terms in the preeding
expression of 〈c†rσzcr〉.
64
S. Chakravarty, B.I.Halperin, and D.R. Nelson, Phys. Rev.
B 39, 2344 (1989).
65
D.S. Fisher, Phys. Rev. B 39, 11783 (1989).
66
The mapping onto the Heisenberg model and the olletive
mode energy [Eq. (95)℄ have also been obtained in Ref. 42.
67
The eet of harge utuations at strong-oupling near
half-lling has also been disussed by L. Benfatto, A.
Toshi, S. Caprara, and C. Castellani, Phys. Rev. B 66,
054515 (2002).
68
P. Pieri and G.C. Strinati, Phys. Rev. Lett. 91, 030401
(2003).
69
G.C. Strinati and P. Pieri, Phys. Rev. A 69, 011601(R)
(2004).
